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Abstract 



There are ten chapters in this dissertation, which focuses on nine contents: 
growth estimates for a class of subharmonic functions in the half plane; growth 
estimates for a class of subharmonic functions in the half space; a generalization 
of harmonic majorants; properties of limit for Poisson integral; a lower bound 
for a class of harmonic functions in the half space; the Carleman formula of sub- 
harmonic functions in the half space; a generalization of the Nevanlinna formula 
for analytic functions in the right half plane; integral representations of harmonic 
functions in the half plane; integral representations of harmonic functions in the 
half space. 

The outline of the paper is arranged as follows: 

Chapter 1 presents the background, basic notations, some basic definitions, 
lemmas, theorems and propositions of the research; 

In Chapter 2, we prove that a class of subharmonic functions represented by 
the modified kernels have the growth estimates at infinity in the upper half plane 
C+, which generalizes the growth properties of analytic functions and harmonic 
functions; 

In Chapter 3, a class of subharmonic functions represented by the modified 
kernels are proved to have the growth estimates at infinity in the upper half space 
of R", which generalizes the growth properties of analytic functions and harmonic 
functions; 

In Chapter 4, we extend the harmonic majorant of a nonnegative and sub- 
harmonic function in C+ to the harmonic majorant represented by the modified 
Poisson kernel and to the upper half space; 

In Chapter 5, we extend the properties of limit for Poisson integral in the 
upper half plane to the properties of limit for Poisson integral represented by the 
modified Poisson kernel and to the upper half space; 

In Chapter 6, we derive a lower bound for a class of harmonic functions in 
the upper half space of R" from the upper bound by using the generalization of 
the Carleman formula for harmonic functions in the upper half space and the gen- 
eralization of the Nevanlinna formula for harmonic functions in the upper half 
ball; 

In Chapter 7, the object of this chapter is to generalize the Carleman formula 
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for harmonic functions in the upper half plane to subharmonic functions in the 
upper half space; 

In Chapter 8, we generalize the Nevanlinna formula for analytic functions to 
the right half plane; 

In Chapter 9, using a modified Poisson kernel in the upper half plane, we 
prove that a harmonic function u{z) in the upper half plane with its positive part 
M^(z) = max{M(z),0} satisfying a slowly growing condition can be represented 
by its integral in the boundary of the upper half plane, the integral representation 
is unique up to the addition of a harmonic polynomial, vanishing in the boundary 
of the upper half plane and that its negative part u~{z) = max{— m(z),0} can be 
dominated by a similar slowly growing condition, this improves some classical 
results about harmonic functions in the upper half plane; 

In Chapter 10, using a modified Poisson kernel in the upper half space, we 
prove that a harmonic function u{x) in the upper half space with its positive part 
M+(x) = max{M(x),0} satisfying a slowly growing condition can be represented 
by its integral in the boundary of the upper half space, the integral representation 
is unique up to the addition of a harmonic polynomial, vanishing in the boundary 
of the upper half space and that its negative part u~{x) = max{— m(x),0} can be 
dominated by a similar slowly growing condition, this improves some classical 
results about harmonic functions in the upper half space. 

KEY WORDS: harmonic function, subharmonic function, modified Poisson 
kernel, modified Green function, growth estimate, the upper half plane, the upper 
half space, harmonic majorant, the properties of limit, lower bound, Carleman 
formula, Nevanlinna formula, integral representation. 
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Chapter 1 
Introduction 



The present chapter consists of three sections with the first providing the back- 
ground for the research project; the second presenting the basic notations; the 
third section providing us some basic definitions, lemmas, theorems and proposi- 
tions. 



1.1 Background 

A complex-valued function /i on an open subset Q. of the complex plane C is called 
harmonic on H if e C^(i2) and 

Ah = 

on Q.. Here 

Ah-— — 

is the Laplacian of h. We often assume that H is a region (that is, an open and 
connected set) even when connectivity is not needed, and we are mainly interested 
in the case in which Q is a disk or half plane. 

Harmonic functions arise in the study of analytic functions (we use the terms 
analytic and holomorphic synonymously). If / is analytic on a region Q., then by 
the Cauchy-Riemann equations, each of the functions /, /, 91/ is harmonic on Q.. 
The theory of harmonic functions is needed in the study of analytic functions on 
a disk or half plane. 
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Harmonic functions-the solutions of Laplace's equation-play a crucial role in 
many areas of mathematics, physics, and engineering. So it is necessary to extend 
harmonic functions to R", where n denotes a fixed positive integer greater than 1. 
Let Q be an open, nonempty subset of R". A twice continuously differentiable, 
complex-valued function u defined on is harmonic on £L if 

Am = 0, 

where A = H \-D^ and denotes the second partial derivative with respect 

to the coordinate variable. The operator A is called the Laplacian, and the 
equation Am = is called Laplace's equation. 

We let X = (xi, ■ ■ ■ ,Xn) denote a typical point in R" and let |jc| = {x\-\ h 

jc^)^/^ denote the Euclidean norm of x. 

The simplest nonconstant harmonic functions are the coordinate functions; 
for example, u{x) — x\. A slightly more complex example is the function on R^ 
defined by 

u{x) —xl+X2— 2x1 + ^^2- 

As we will see later, the function 

u{x) = 

is vital to harmonic function theory when n > 2; it is obvious that this function is 
harmonic on R" — {0}. 

We can obtain additional examples of harmonic functions by differentiation, 
noting that for smooth functions the Laplacian commutes with any partial deriva- 
tive. In particular, differentiating the last example with respect to xi shows that 
XI |x| ~" is harmonic on R" — {0} when n> 2. 

The function xi |x| ~" is harmonic on R" — {0} even when n = 2. This can be 
verified directly or by noting that xi |x|~^ is a partial derivative of log |x|, a har- 
monic function on R^ — {0}. The function log |x| plays the same role when n — 2 
that |xp^" plays when n> 2. Notice that lim;c_>oolog |x| = o°, but lim^c^oo |xp~" = 
0; note also log |x| is neither bounded above nor below, but |xp~" is always posi- 
tive. These facts hint at the contrast between harmonic function theory in the plane 
and in higher dimensions. Another key difference arises from the close connection 
between holomorphic and harmonic functions in the plane-a real- valued function 
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on ^2 C is harmonic if and only if it is locally the real part of a holomorphic 
function. No comparable result exists in highter dimensions. 

Let Q.he a region in the complex plane. A real-valued function u on an open 
subset Q. of the complex plane C is defined to be subharmonic if w e C^{D.) and 

Am>0 

on Q.. A broader definition that relaxes the smoothness assumption and permits 
u to take the value —oo. Examples of subharmonic functions include log|/|, 
log^ I/I = riiax(log 1/1,0) and |/|^(0 < p < 0°), where / is any analytic function 
on 

Elementary properties of subharmonic functions are often one-sided versions 
of properties of harmonic functions. For example, a subharmonic function uonQ. 
has a sub-mean value property: 

u{a) <— u(a + Re'^)de. 
27C Jo 

This property characterizes subharmonic functions. 

One of the most fundamental results in the theory of subharmonic functions is 
due to F. Riesz and states that any such function u{x) can be locally written as the 
sum of a potential plus a harmonic function, i.e. 

u{x) = p{x) + h{x) . 

In other words, if u{x) is subharmonic in a domain D in R™, there exists a positive 
measure d/j, finite on compact subsets of D, and uniquely determined by u{x), 
such that if £■ is a compact subset of D and 




J^\og\x — ^,\diue^, ifm = 2, 
-Je\x- t,\^~'^d^e^ if m > 2, 



then 

h{x) = u{x) — p{x). 

is harmonic in the interior of E. 

By means of this theorem many of the local properties of subharmonic func- 
tions can be deduced from those of potentials such as p{x). The mass distribution 
d/u also plays a fundamental role in more delicate questions concerning u. Thus 
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for instance if m = 2 and u{z) = log |/(z) |, where / is a regular function of the 
complex variable z, then ij{E) reduces to the number of zeros of f{z) on the set E. 
From this point of view the main difference between this case and that of a general 
subharmonic function is that in the latter case the "zeros" can have an arbitrary 
mass distribution instead of occurring in units of one. 

In higher dimension we may regard d/u as the gravitational or electric charge, 
giving rise to the potential p{x). For this reason the theory of subharmonic func- 
tions is frequently called potential theory. 

We now come to a famous problem in harmonic function theory: given a con- 
tinuous function / on S, does there exist a continuous function function u on B, 
with u harmonic on B, such that m = / on 5? If so, how do we find m? This is 
Dirichlet problem for the ball. 

The Dirichlet problem of the upper half plane is to find a function u satisfying 



Am = 0,z e C+, 
limwfz) = f(x) nontangentially a.e.jc e 3C+, 

z— »x 

where / is a measurable function of R. The Poisson integral of the upper half 
plane is defined by 



We will generalize these results from harmonic functions to subharmonic func- 
tions. 

Write the subharmonic function 



where v{z) is the harmonic function defined by (1.1.1), is defined by 



ueC^{C+), 




(1.1.1) 



As we all know, the Poisson integral P[f] exists if 




u{z) =v{z)+h{z), zeC+, 
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and G{z, Q is called Green function. 

Hayman fW\ has proved that the asymptotic behaviour of subharmonic func- 
tions 

u{z) = as |z| oo 

holds everywhere in the upper half plane outside some exceptional set of disks 
under the following conditions: 

and 

where is a positive Borel measure and C, = b, + ir\. 

The first aim in this dissertation is to extend the classic results to the modified 
Poisson kernel Pm{z,^) and the modified Green function Gm(z, Q. That is to say, 
if 

viz)= [ PMX)m)d^. 

Jr 

Jc+ 

we will prove that the asymptotic behaviour of subharmonic functions 

v(z)=o(y-«|z|'"+"), aslzHoo 

holds everywhere in the upper half plane outside some exceptional set of disks 
under the following conditions: 



iRl + |^|2+"' 



and 

Next, we can also conclude that the asymptotic behaviour of subharmonic 
functions 

u{z)=o[y p(\og\z\)''\z\p p), as|z|^oo 
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holds everywhere in the upper half plane outside some exceptional set of disks by 
replacing the two conditions above into 



and 



where l</><oo, - + - = 1 and 1— /><y< 1+p. 

On the other hand, we will generalize these results from the upper half plane 
to the upper half space. 

The Dirichlet problem of the upper half space is to find a function u satisfying 

Am = 0,x G H, 
lim u{x) = f{x) nontangentially a.e.x E dH, 

where / is a measurable function of R"^. The Poisson integral of the upper half 
space is defined by 

uix)=P[f]ix)= [ P{x,y')f{y')dy'. 
As we all know, the Poisson integral P[f] exists if 

I — r^dy < oo. 

iR"-! i + iyi" 

Write the harmonic function 

v{x)=[ P^{x,y')f{y')dy', xeH, 
Siegel-Talvila [|38l have proved that the asymptotic behaviour of 

v{x)=o{xl-''\x\'"+"), as|;cHoo 

holds everywhere in the upper half space outside some exceptional set of balls 
under the following condition: 



1.2. Basic Notations 



We will generalize these results from harmonic functions to subharmonic func- 
tions, then we will obtain some further results. 

In addition, we also discuss some other problems about harmonic and sub- 
harmonic functions, such as the generalization of harmonic majorants, properties 
of limit for Poisson integral, the Carleman formula and Nevanlinna formula and 
integral representations. 

1.2 Basic Notations 

Let C denote the complex plane with points z = x + iy, where x,y eR. The bound- 
ary and closure of an open Q. of C are denoted by dQ. and Q. respectively. The 
upper half plane is the set C+ = {z = x + iy E C : y > 0}, whose boundary is 
3C-I-. We identify C with R x R and R with R x {0}, with this convention we then 
have ac+ = R. 

A twice continuously differentiable function u{z) defined on an open set Q. is 
harmonic if Au = 0, where A = + ^ is Laplace operator in z. We write Br 
and BBr for the open ball and the circle of radius RinC centered at the origin and 

= Buf] C+ and dB^ for the open upper half ball and the upper half circle of 
radius in C centered at the origin. 

Similarly, let R"(n > 3) denote the n-dimensional Euclidean space with points 
X = (xi,X2, • • • ,x„_i,x„) = where x/ E R""^ and x„ E R. The boundary 

and closure of an open Q. of R" are denoted by dCl and Q. respectively. The upper 
half space is the set H = {x = {x! ,Xn) eR" : Xn> 0}, whose boundary is dH . We 
identify R" with R"~^ x R and R""^ with R"~^ x {0}, with this convention we 
then have dH = R''"^ writing typical points x, y e R" as x = (y,x„), y = (/,};„), 
where x' = {xi,X2, ■ ■ ■ ,x„_i), / = (yi,y2, • • - Jn-i) e and putting 

n 

x-y=^ xjyj =x' -y +x„yn, \x\ = ■\/xTx, \x! \ = Vx' -x'. 

where \x\is the Euclidean norm. 

A twice continuously differentiable function u{x) defined on an open set is 

harmonic if AxU = 0, where A;^ ~ ^ ~^ '^^^^ Laplace operator in x. 

The upper half space H is the set H = {x = (x', x„) G R" : jc„ > 0, }. We write 
Br and BBr for the open ball and the sphere of radius R in R" centered at the 
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origin and 5^ = Br[^H and dBj^ for the open upper half ball and the upper half 
sphere of radius R in R" centered at the origin. In the sense of Lebesgue measure 
dx' = dxi - ■■ dxn- It dx = dx'dxn and let a denote {n—\) -dimensional surface-area 
measure. 

Throughout the dissertation, let A denote various positive constants indepen- 
dent of the variables in question. 

1.3 Preliminary Results 

In this section, we will introduce some definitions, lemmas, theorems and propo- 
sitions that will be used in the following chapters. 

Definition A \ ||34]| LetX be a metric space. A function u: X ^ [— cx)^oo) is said to 
be upper semicontinuous or use if 



is an open set in X for each real number a, or, equivalently, if for every xEX, 



Definition A? ll34ll Let ^ be an open set in the complex plane. We say that a 
function u.£L^ [— oo^oo) is subharmonic on Q. if 
(\) u is use on Q.; 

(2) for every open set A with compact closure A C Q. and every continuous function 
h:A-^ (— °°, °°) whose restriction to A is harmonic, ifu <h on dA, then u <h on 



Definition A^ ll34]| Let u be subharmonic on a region Q, u ^ and let h be 

harmonic on Q.. We say that h is a harmonic majorant for u ifh >u onO.. We say 
that h is a least harmonic majorant for u if 

(1) h is a harmonic majorant for u; 

(2) iff is any harmonic majorant for u in Q., then h < f on Q. 

Lemma Ai ||34]| Let g{x) be a nonnegative and nondecreasing function on [0, 1). 
Let p{x) be any nonnegative measurable function on (0, 1) such that 



{x : u{x) < a} 



limsupM(j) <u{x). 



A. 
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for every a E (0, 1) and 

/ p{t)dt = oo. 
Jo 

Then 

g{t)p(kt)dt 

hmeix) = sup j . 

^■\^ Oo-<1 !Qp{'kt)dt 

Lemma A9 ll34]| Let V{z) be nonnegative and harmonic on 11 and have a contin- 
uous extension to IT = {z : 3z > 0}. Then 



y_ n V{t) 



V{z)=cy+'-l ,^ V ^ dt, 3;>0, 



where c is given by 

c = lim — — -. 

y — >cxj y 



Lemma A^ ||22]| The polynomials ay{x, ^) are harmonic in x for fixed ^, and con- 
tinuous in X, ^ jointly for |^| 7^ 0. If \x\ = p, |^| = r > 0, we have the sharp 
inequality 

I / CM ^ bymP^ 

where by^m = 1/v ifm = 2, v > 1; 

^v,m = (v + m-3)(v + m-4)---(v+l)/(m-l)!, m>3,v>0. 



Lemma Ad ll22]| lf\b,\=r>0, then Kq{x, ^) — K{x, ^) is harmonic in R™. We set 
\x\ = p and have the following estimates 

If q = 0, m = 2, we have 

ifo(-^,^)<log(l+p/r), 

while in all other cases 

K,ixX,m)<4-+^-^^M{l^^}. 
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Theorem A r ||34]| For every continuous complex-valued function f onT there is a 
unique continuous function h on D = D\jr such that the restriction ofh to T is f 
and the restriction ofhtoD is harmonic. The function h is given on D by 

h{z) = I^P{zy')f{e^')da{e''), zeD. 

Theorem A9 ll34ll (Mean value property) If h is harmonic on a region Q. and 
D{a,R) C Q, then 

1 r^^ 

h{a) = — / h{a+Re")dt. 
2n Jo 

Theorem A^ ll34]| (Maximum principle) A real-valued harmonic function h on an 
open connected set Q. cannot attain either a maximum or a mimimum value in 
without reducing to a constant. 

Theorem Aa I|3411 A continuous function h on a region Q has the mean value 
property if and only ifh is harmonic on Q. 

Theorem A s ll34l Every nonnegative harmonic function h on the unit dist D has a 
respresentation 

h{z) = I^P{z.e")dp{e''), zeD, 
where /j is a finite nonnegative measure on T. 

Theorem AgfMl (Herglotz and Riesz Representation Theorem) Let f be a ana- 
lytic and satisfy 91/ >0 on D. Then 

/W= / '-w^d^ie'')+ic, ZED, 
Jr e'^ — z 

for some finite nonnegative Borel measure p onT and some real constant c. 

Theorem A? 113411 (Stieltjes Inversion Formula) Let /jbe a complex Borel measure 
on r, and let on the unit dist D has a respresentation 

h{z) = J^P{z,e'')dp{e"), zeD. 
10 
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Let Y = {e"^ : a < t < b} be an open arc on the unit circle with endpoints a = e' 
and (3 = e'^, < b — a < In. Then 



lim — 
41 271 



f\{re'')dQ = ^(y) + ^-lum) + ^^m}) 



J a 



Theorem AgLMJ Let u be use on a region Q. in the complex plane. The following 

are equivalent: 

{\) uis subharmonic on Q.; 

(2) for each a & Q and all sufficiently small R> 0, if p is a polynomial such that 
u < 9t/> on dD{a,R), then u < '^p on D{a,R); 

(3) for each a E Q. and all sufficiently small R> 0, 



In this case, the properties expressed in (2) and (3) hold for all disks D{a,R) such 
thatD{a,R) C Q. 

Theorem A9[34] (Maximum principle) Assume that u is subharmonic on a region 
Q.. If there is a point zo E Q. suth that u{zo) > u{z) for all z E Q., then u = const, 
in Q.. 

Theorem Ain ll34ll Assume that u is subharmonic in D{a,R) and u ^ If 
< ri < r2 < R, then 



Theorem A 1 1 Il34l Let u be subharmonic in the unit disk D, u ^ —o°. There exists 
a harmonic majorant for u if and only if 




— oo <^ 




Moreover, whether u{a) is finite or — oo, 




'2n 



o<,.<i27r Jo 



u{a + re")di 



t < oo. 
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In this case there is a least harmonic majorant hfor u, and h is given by 

h{z) = lim — / P{z/r, e")u{re")dt 
r]i In Jo 

for all z& D. 

Theorem Ai9 ll34]| (Poisson Representation) Every nonnegative harmonic func- 
tion V{z) on n has a representation 

diLi{t) 



V{z) = cy + 



y 



y>o, 



where c > and p is a nonnegative Borel measure on (—0°, °°) such that 

d/u{t) 



r mn 

7-00 1 +t^ 



Theorem A 1 t. ||34]| ( Nevanlinna Representation) Every holomorphic function F{z) 
such that 3F(z) > Ofor z G IT has a representation 



F{z)=b + cz+- 
n 



t-z l+t^ 



dij{t), y>0. 



where b = b, c > 0, and /j is a nonnegative Borel measure on (—00^00) which 
satisfies 

d^{t) 



<^ 00. 



Theorem A 1 a Il34ll (Stieltjes Inversion Formula) Let V{z) be given by 

y r Mt) 



V{z) =cy+- 



y>o, 



TT^-oo {t -xY+y'^' 
where c > and fu is a nonnegative Borel measure satisfying 

diLi{t) 



l+t^ 



If < a < b < 00, then 

lim / Vix + iy)dx = iji{a,b)) + lij{{a}) + lij{{b}). 
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Theorem A 15 (Fatou's Theorem) Ler 

diLi{t) 

where fu is a nonnegative Borel measure on (—00^00) satisfying 

7-00 1 

Ifd^ = Fcix + dps is the Lebesgue decomposition of/u, then 

\imV{z) =F{x) 

nontangentially a.e. on (—00,00). 

Theorem A 16 Let F be holomorphic on D+{0,R) for some R > 0, and suppose 
F y^O. Then F G N+{D+{0,R)) if and only if 

, , R^-\z\^ lyRsint , 

for all z G D+(0,i?) and some real-valued Borel function KiJ^ on r-|-(0,7?) such 
that ^ 

f \K{Re'')\smtdt+ f \K{t)\{R^ - t^)dt < ^. 

Jo J-R 

Theorem A 17 |T] (Mean value property) Ifu is harmonic on B(a,r), then u equals 
the average ofu over dB{a, r). More precisely, 



u{a) = / u{a + rQdo{Q. 
Js 



Theorem Ai8[l] (Solution of the Dirichlet problem for the ball) Suppose f is 
continuous on S. Define u on B by 

uix)^{'^^^^^^ (1.6) 

^ ^ fix) ifxes. ^ ' 
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Then u is continuous on B and harmonic on B. 

Theorem A19IUI If u is a continuous function on B that is harmonic on B, then 
u = P[u\s] on B. 

Theorem A20IIII (Solution of the Dirichlet problem for H) Suppose f is continu- 
ous and bounded on R"^^ Define u on H by 



Theorem A21I I I Suppose u is a continuous bounded function on H that is har- 
monic on H. Then u is the Poisson integral of its boundary values. More precisely, 



on H. 

Theorem A99 ll33]| (The Schwarz reflection principle) Suppose L is a segment of 
the real axis, Q.^ is a region in n+, and every t EL is the center of an open disc 
Dt such that n+ H A H^s in Q.^. Let ^ be the refiection ofQ.^: 

a- = {z: zinQ.+ }. 

Suppose f = u + iv is holomorphic in Q+, and 

lim v{zn) = 



for every sequence {zn} in Sl^ which converges to a point ofL. 

Then there is a function F, holomorphic in Q.'^{jL[_}Q.^ , such that F{z) = 
f{z) in Q.^; this F satisfies the relation 




(1.6) 



Then u is continuous on H and harmonic on H. Moreover, 



u\<\\f\ 



on H. 



U = /'if[M|R«-l] 



F{z)=F{z) {zeQ.+ ULUQ.-). 
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Theorem A23III Ifu is positive and harmonic on H, then there exists a positive 
Borel measure /j on W~ ^ and a nonnegative constant c such that 



u{x,y)=cy+ PH{z,t)djj{t) 



for all {x,y) G H. 

Theorem A9dll26]| {Hayman) Let 



y n dv{t) 



where d/u{Q and dv{t) are nonnegative Borel measures such that 
The asymptotic relation 



00 



v(z)=o(|z|), |z| 

holds everywhere in C+ outside some exceptional set of disks of finite view. 



Theorem A9'; ll22ll (Green's Theorem) Suppose that D is an admissible domain 
with boundary S in R™ and that u EC^ and v EC^ in D. Then 

, ,3v , f ( ^ du dv w 1 , 

u{x)—d(5=— / < y- — \-uy2V>dx, 

on Jd ly oXv oxy ) 

where 

is Laplace's operator. Hence ifu.vEC^inD we have 

f(u^-v^]do= f {vV^u~uV^v)dx. 
Js \ dn dn J Jd 

Here d/dn denotes differentiation along the inward normal into D. 

Theorem AielEU IfD = D(0,i?) and ^ a point of D, b,' = ^^1^1"^, and if for 
m — 2 

g{xX,D)= log '^"^'I'^L ^^0; g{xAD)=\og^; 

\x — q\R \x\ 
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while for m> 2 

g{x, ^,Z)) = \x- ^l^-™ -m\x- ^VR}'-'", ^ ^ 0; 

gix,0,D) = \xt"'-R^-'"; 
then g{x,l,,D) is a (classical) Green's function ofD. 

Theorem A27II22I (Poisson's Integral) Ifu is harmonic in D{xo,R) and continuous 
in C{xo,R) then for ^ G D{xo,R) we have 

u(t) = — [ — „. u(x)dOx, 

C,nJs{xo,R) i^lx-^l™ ^' 

where dOx denotes an element of surface area ofS{xQ,R) andcm = 27r"'/^/r(m/2). 

Theorem A9«||22| Suppose thatu{x) is s.h. in C{xo,R). Then for ^ G D{xo,R) we 
have 

"(^) < / u{x)K{x,t,)dOx, 

Js{xo,R) 

where K{x, ^) is the Poisson kernel given by 

1 R^-\^-xq\^ 
K{x,q) = — ^ — 

^\X C^l 

and d<Jx denotes an element of surface area ofS{xo,R). 

Theorem A9q I|22]| (Riesz' s Theorem) Suppose that u{x) is s.h. and not identically 
—00, in a domain D in Then there exists a unique Borel-measure /u in D such 
that for any compact subset EofDwe have 



i{x) = J u{x)K{x — b,)diJe^ + h{x) 



where h{x) is harmonic in the interior ofE. 

Theorem A^n||22| Suppose that D is a bounded regular domain in R" whose 
frontier F has zero m-dimensional Lebesgue measure, and that u{x) is s.h. and 
not identically —0° on D\JF. Then we have for x ED 

u{x) = j u(b,)dOi{x,e^) — J g{x,b,,D)diue^, 
16 
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where io{x,e) is the harmonic measure ofe at x, ^(;c,^,D) is the Green's function 
ofD and d/j is the Riesz measure ofu in D. 

Theorem A^rpZl (Weierstrass' Theorem) Suppose that /j is a Borel measure in 
R™, let n{t) be the measure of D{0,t) and let q{t) be a positive integer-valued 
increasing function oft, continuous on the right, and so chosen that 



J\ t' 

for all positive to. Then there exists functions u{x), s.h. in R™ and with Riesz 
measure n, and all such functions take the form 



where v{x) is harmonic in R'". The second integral converges absolutely near oo 
and uniformly for \x\ < p and any fixed positive p. 

Proposition A \ (Polar coordinates formula) The polar coordinates formula for 
integration on R" states that for a Borel measurable, integrable function f on R", 



the constant arises from the normalization ofo. 

Proposition A2III]] Let C,eS. Then P{-,Q harmonic on R" — {Q. 

Proposition AslHJ The Poisson kernel has the following properties: 

(a) P{x, Q > Ofor allx and all ^ G 5; 

(b) JsPix.QdoiQ = IforallxEB; 
{c)for every r\E S and every 5 > 0, 



Proposition Ad ll26]| (R. Nevanlinna's formula for a half-disk) Let f(z) be a mero- 
morphic function in the half-disk D^, an be its zeros and bn its poles. Then we 
obtain 




00 
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log|/(z)| = 



Jo 



+■ 



2% 
9tz 



|i?e'9-z|2 |i?e'9-z|2 



log|/(7?e'»)|d0 



7t y-/?vk- 



Z|2| |7?2_^2|2 



log 1/(0 1^^ 



+ L log 



I log 

bn€D+ 



bn R -bnZ 



Z-bn R^-bnZ 
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Chapter 2 

Growth Estimates for a Class of 
Subharmonic Functions in the Half 
Plane 



2.1 Introduction and Basic Notations 



ForzGC\{0},let[[Tl 



E{z) = {2Ti)-'\og\z 



where |z| is the Euclidean norm. We know that E is locally integrable in C. 
First, we define the Green function G{z,Q for the upper half plane C+ by [[T9 



G(z, Q = £ (z - - £ (z - Q , z, C G C+ , z ^ (2.1.1) 
then we define the Poisson kernel P{z, ^) when z E C+ and ^ G 3C+ by 



5G(z,Q 



y 



T1=0 



7r|z-^ 



2' 



(2.1.2) 



The Dirichlet problem of the upper half plane is to find a function u satisfying 

ueC^{C+), (2.1.3) 

Am = 0,zGC+, (2.1.4) 
limM(z) = f{x) nontangentially a.e.x G (2.1.5) 
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where / is a measurable function of R. The Poisson integral of the upper half 
plane is defined by 

viz) = P[f]{z) = [ P{z,mQd^, (2.1.6) 
Jr 

where P{z,^,) is defined by (2.1.2). 

As we all know, the Poisson integral P[f] exists if 

(see |[T1, lfT4l and On ^In this chapter, we replace the condition into 

'^^^^'^J^<oo, (2.1.8) 



Jr(1 



+ 

where I < p <o° and y is a real number, then we can get the asymptotic behaviour 
of harmonic functions. 

Next, we will generalize these results to subharmonic functions. 

2.2 Preliminary Lemma 

Let /i be a positive Borel measure in C, p > 0, the maximal function M{diS) (z) of 
order (3 is defined by 

MWfe)= sup >^^, 

then the maximal function M{d^) (z) : C ^ [0, °°) is lower semicontinuous, hence 
measurable. To see this, for any X> Q, let D{X) = {z G C : M{dfj){z) > "k}. Fix 
z G D^k), then there exists r > such that ^{B{z,r)) > tr^ for some t > k, and 
there exists 5 > satisfying (r + 5)P< ^. If < 5, then5(^,r + 5) DB{z,r), 
therefore^(5(^,r + 5))>?rP = ?(^)P(r + 5)P>;i(r + 5)P. Thus 5(z, 5) C D(X). 
This proves that D{X) is open for each X> 0. 

In order to obtain the results, we need the lemma below: 

Lemma 2.2.1 Let j^be a positive Borel measure in C, (3 > 0, A'(C) < °°,for any 
X > 5^p{C), set 

E{1) = {z G C : |z| > 2,M{d^){z) > 
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then there exists zj E E{X), pj > 0, 7 = 1,2, ■ ■ - , such that 

00 

E{X)c\jB{zj,Pj) (2.2.1) 

and 

3ml nil) 

Proof: Let Ek{X) = {z G E{X) : 2^ < |z| < 2^+^ }, then for any z E £^(X), there 
exists r{z) > 0, such that ij{B{z,r{z))) > ^(^)^ therefore r(z) < 2^"!. Since 
£'yt(^) can be covered by the union of a family of balls {5(z, r{z)) : z G EkCk)}, by 
the Vitali Lemma ll371 . there exists C E^Ck), is at most countable, such that 
{B{z, r{z)) : z E A^} are disjoint and 

Ek{l) cu,^A AzMz)), 

so 

£(X) = Ur=i£fc(^) C ur=i U,eA,5(z,5r(z)). 
On the other hand, note that U,£Aj5(z, r(z)) C {z : 2^"^ < |z| < 2^+^}, so that 

£ < £ """yw') < : 2" < w < 2-}. 

Hence we obtain 

££(£^<£f,{,:2*-.<i,i<2«}<!M£)£!. 

Rearrange {z:zE Ak,k= 1,2, ■ ■ •} and {5r(z) : z E Ak,k= 1,2, ■ ■ ■}, we get {zj} 
and {p;} such that (2.2.1) and (2.2.2) hold. 



2.3 p=l 

1. Introduction and Main Theorems 

In this section, we will consider measurable functions / in R satisfying 

.-^4S^^^<°°, (2.3.1) 
r1 + |^|2+'« ^ ' ^ ^ 
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where mis a nonnegative integer. This is just (2.1.8) when p = I and y=2 + m. 
To obtain a solution of Dirichlet problem for the boundary date /, as in ll38l . Il39l . 
[|4T]| and OTl . we use the following modified functions defined by 

E{z-Q when 1^1 <1, 

E{z-Q - i9t(logC-E-j/ ^) when \Q > 1. 



Then we can define the modified Green function G„j(z, Q and the modified Pois- 
son kernel Pm{z,Q by (see [[3T1l and O) 

G„(z, Q = {z-Q- E,n+i (z - Q , z, U C7, z 7^ C; (2.3.2) 

/ P{zX) when |^| < 1, 

^'"^^'^^ = \p(z,^)-i3Er^o^ when|^|>l, ^'•'•'^ 

where z = x + /j, ^ = ^ + /T]. 

Hayman fi26l has proved the following result: 

Theorem B Let f be a measurable function in R satisfying (2.1.7) and jn be a 
positive Borel measure satisfying 



'c,l + |C|- 

Write the subharmonic function 

m(z) = v(z) +/?(z), zGC+, 
where v(z) is the harmonic function defined by (2.1.6), h{z) is defined by 

h{z)= [ G{zX)dn{Q 
Jc+ 

and G{z, Q is defined by (2.1.1). Then there exists zj G C+, > 0, such that 
holds and 



7=1 l^^'l 



m(z) = o(|z|), as |z| o° 
holds in C+ — G, where G — U7=i ^(^j' Pj)- 
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Our aim in this section is to establish the following theorems. 

Theorem 2.3.1 Let f be a measurable function in R satisfying (2.3.1), and < 
a < 2. Let v{z) be the harmonic function defined by 

v{z)= [ P,niz,m^)d^, zeC+, (2.3.4) 
Jr 

where Pm{z, ^) is defined by (2.3.3). Then there exists zj £ C+, > 0, such that 

oo p2-a 

E ^ < - (2-3-5) 

holds and 

v{z) = o(ji-«|zr+«), as |z| ^ oo (2.3.6) 
holds in C+ — G, where G — U7=i ^{^j-i Pj)- 

Remark 2.3.1 If a — 2, then (2.3.5) is a finite sum, the set G is the union of finite 
disks, so (2.3.6) holds in C+. 

Next, we will generalize Theorem 2.3.1 to subharmonic functions. 

Theorem 2.3.2 Let f be a measurable function in R satisfying (2.3.1) and /ube a 
positive Borel measure satisfying 

Write the subharmonic function 

m(z) = v(z) +/i(z), zeC+, 
where v{z) is the harmonic function defined by (2.3.4), h{z) is defined by 

h{z)^ [ Gm{z,QdKQ 

J C-j- 

and Gm{z,Q is defined by (2.3.2). Then there exists Zj G C+, pj > 0, such that 
(2.3.5) holds and 

u{z) = o(/-"|zr+"), as |z| ^ oo (2.3.7) 

holds in C+ — G, where G = U7=i ^(^j' Pj) < a < 2. 

Remark 2.3.2 If (l= l,m = 0, this is just the result of Hayman, so our result 
(2.3.7) is the generalization of Theorem B. 
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2. Main Lemma 

In order to obtain the results, we need the following lemma: 

Lemma 2.3.1 The following inequalities hold: 
(Dim > 1, then |P^(z,Q -Piz,Q\ < L^Jq' 

(2) If\^-z\ > 3\z\, then \Pmiz,Q\ < 

(3) 7/1^1 > 1, then |G„(z,Q - G(z,C)| < ^1^=1^^^; 

(4) 7/|^-z| > 3\z\, then \G^{z,Q\ < ^1^=^+1 



3. Proof of Theorems 

Proof of Theorem 2.3.1 

Define the measure dm{^) and the kernel K{z, ^) by 

M^) = T^qfL^^' ^(^'^) = P'nizm + 

For any e > 0, there exists Rz > 2, such that 

For every Lebesgue measurable set £ C R , the measure m*-^-* defined by m*^^-* {E) 
m{E n {jc e R : |jc| > Re}) satisfies m^^\R) < write 

vi{z) , P(z,^)(l + |^p+-)Jm(^)(^), 

vliz) =[ (P^(z,^)-P(z,^))(l + |^|2+-ym(^)(^), 

V3(z) =[ K{z,Qdm^'\Q, 

V4(z) = / K{z,^)dm{^), 

vsiz) =f K{z,^)dm{^), 
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then 

|v(z)| < |vi(z)| + |v2(z)| + |v3(z)| + |v4(z)| + |v5(z)|. (2.3.8) 

LetEiil) = {zeC:\z\>2,3t> 0,s.t.m'^^\B{z,t)nR) > therefore, 
if |z| > 2R^ and z ^ then 



yt > 0, m(^) n R) < X (^^^ 



2-a 



So we have 



|vi(z)| < / ,^ , ,,--^2|^|2+'«W^)(^) 
where m[^\t) = Jj^_^|<jC/m(^)(^), since for z ^ £'i(A,), 



^3 

2-a 



'y (3|z|)- jy 

- 3«iz|2^ ?3 

/ ?t / 1 2 



z|2 V3« a y« /' 



so that 



|vi(z)| < -— 3'kr^^^U7^ + 



7t |z|^ ^3°^ a 

2\ 



< ^f4 + -V/""l^r''" (2-3.9) 
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By (1) of Lemma 2.3.1, we obtain 



f 


m— 1 ry 
V 


Jy<\^- 


-z|<3kl fc=0 




m— 1 'J 


Sy<\^- 


E- 


22m+l 


m— 1 


TT 


E 52- 


4m— 1 4 


a 


71 







|^2|^ 


|2+m 




^1 


2+yt 



< zy\zr. (2.3.10) 

By (2) of Lemma 2.3.1, we see that [l22ll 



2^+2^ 1^1 m 



■/|^-z|>3k| 71 

2^ + 2 £ 

2m-2+2a 

< ty\zr. (2.3.11) 



< 



Write 

va{z) = [ [/'(z,^) + (/',„(z,0-/'(z,Q)](l + |^|2+™)Jm(^) 

= V4l(z) -V42(z), 



then 

Iv4i(z)l < /" -^2|^|2+™jm(^) 

< —7^- 2.3.12 
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Moreover, by (1) of Lemma 2.3.1, we obtain 

m— 1 '^k+l 

< (2.3.13) 

In case |^| < 1, note that 

=P„(z,^)(l + < 



so that 



|V5(Z)| < / -j\,dm{^) < [ -^,dm{^) < (2.3.14) 

Thus, by collecting (2.3.8), (2.3.9), (2.3.10), (2.3.11), (2.3.12), (2.3.13) and 
(2.3.14), there exists a positive constant A independent of e, such that if |z| > IR^ 
and El (e) , we have 

|v(z)|<A8yi-«|zr+« 

Let /jg be a measure in C defined by /^e (£) = m^^^ {E fl R) for every measurable 
set E in C. Take £ = 8^ = 2^+2 = 3, ■ ■ - , then there exists a sequence {./?p}: 
1 = i?o < ^1 < ^2 < ■ ■ ■ such that 



Take X = 3 ■ 5^~" ■ 2^^e^(C) in Lemma 2.2.1, then 3 Zj,p and pj^p, where < 
< Rp such that 

E 

So if < |z| < Rp and z^Gp = lfJ^-^B{zj,p, Pj,p), we have 

|v(z)|<Aepy-«|zr+«, 



D- 1 



thereby 



00 00 / \ 2 — OC CXD 1 



EE <E^ = i<- 
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Set G = Up^^Gp, thus Theorem 2.3.1 holds. 
Proof of Theorem 2.3.2 

Define the measure dn{Q and the kernel L{z, Q by 

T1J^(Q .... ^ r.nl + l^l'^" 



l + |^|2+m 

then the function can be written as 

hiz)= [ L{zX)dn{Q 
JC+ 

For any e > 0, there exists > 2, such that 



For every Lebesgue measurable set £ C C , the measure n^^) defined by n^^^ {E) — 
n(£n{^eC+ : 1^1 >Rz}) satisfies n('^)(C+) < write 

l + \C,\2+m 

G{z,Q- 

'I 

|2+m 



h3{z 
h4{z 



= [ G{z,Q'-^^dn(^\Q, 



l<IC-z|<3k| 



[G^(z,C)-G(z,g]l±^Jn(^)(g, 
'K-z|<3|z| 11 



L 



IC-z|>3|z 



then 

= hi (z) + /i2(z) + h3{z) + /i4(z) + /J5(z) + he{z) . (2.3. 15) 

Let£'2(X) = {ze C : |z| > 2,3 ? > 0,s.?.n(^)(fi(z,0 nC+) > therefore, 
if |z| > 2Re and z ^ E2{'k), then 

2-a 



V? > 0, n(^) n C+) < X ( 
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So we have 



1^1 (z) I < f ;^log 





l + |^|2+m 


^-z 





< 



< 



J\r-,\<y2Ti -' 



2 X (3/2)2+'" |^|2+m 



71 



log- 



3y 



2x (3/2) 



2+m |_|2+m 



y J\^-z\<i \^-z 



y Jo t 



< 



2 X (3/2) 

7t 



2+m 



+ 



1 



log 6 

22-a ' (2-a)22-a 



l-ai i/M+a 



(2.3.16) 



where4'^(0 = ij^_,|<,rfn(^)(Q. 
Note that 

|G(z,Q| = |£(z-Q-£(z-Q| < -n^, (2.3.17) 



then by (2.3.17), we have 



•/|<K-z|<3|z|7t|z-C|2 Tl 
22'«+5 r3|z| 1 , s 



7t \3" a 

2m+5 / Y 2°'+^\ 

li~V3«^ a ) 



92m+5 / 1 9a+l\ 

< U7 + ^U/~"kr" (2.3.18) 
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By (3) of Lemma 2.3.1, we obtain 



r 9 m 

= i , ,'-l.ky\zt%r-''-'dn^'\Q 

•/K-z|<3k|7t^tl 
r 9 

-^IC-z|<3|z|7C^=l 
9 1 



< 

IT 

■ k=\ 

92m+2a+l 

< ^^^^'kr- (2.3.19) 



By (4) of Lemma 2.3.1, we see that 



yic-zi>3id7i,Ajci^-(™+i) 



< 



< 



r ^ ^ I ifc— 1 

4-^i>3ki7r,ir+i ■'(2|zi)*-«-i 



< ^°"<'" + ^'e,|zr". (2.3.20) 



7t 



Write 



= /l5l(z) +/J52(z), 
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then we obtain by (2.3.17) 

yi<i?i<i?e^k-Cr 

< ^ , ,o - (2.3.21) 

Moreover, by (3) of Lemma 2.3.1, we obtain 

yi<|^|</fe7t;fe=l 
Jl<\Q<ReT^i^l 

^ m{m+l)Rfn{C+) 

~ 71 

In case |C| < 1> by (2.3.17), we have 

yn 2 2y 



\L{zX)\< 



so that 



Mz)\ < [ ^\,dniQ < [ ^dniQ < ^^^^ ' 



2' 



Thus, by collecting (2.3.15), (2.3.16), (2.3.18), (2.3.19), (2.3.20), (2.3.21), 
(2.3.22) and (2.3.23), there exists a positive constant A independent of 8, such that 
if |z| > 2i?e and z ^ £'2(2), we have 

i/i(z)i<A8/-«i£r+« 

Similarly, if z ^ G, we have 

h{z) = o(yi-«|z|'"+«), as |z| ^ 00. (2.3.24) 
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By (2.3.6) and (2.3.24), we obtain that 

u{z) = v{z) + h{z) = o(3;i-'^|zr+«), as |z| ^ - 
holds in C+ - G. 

2.4 p > 1 (General Kernel) 

1. Introduction and Main Theorems 

In this section, we will consider measurable functions / in R satisfying 

1/(^)1^ 



-dt < oo f2 4 1) 

/r(i + |^|)y''^^ ' ^^-^-'^ 

where y is defined as in Theorem 2.4. 1 . 

In order to describe the asymptotic behaviour of subharmonic functions in the 
upper half plane (see ll28l . ||29l , and [30]), we establish the following theorems. 

Theorem 2.4.1 Letl <p <oo, p + q = ^ 

I— p<y<l+p in case p> \; 

< y < 2 in case p = I. 

If f is a measurable function in R satisfying (2.4.1) and v(z) is the harmonic 
function defined by (2.1.6), then there exists Zj G C+, pj > 0, such that 

CO p2p-a 

LPa^<- (2-4.2) 
j=i 



holds and 



1—— — +i— 2+— 

v{z)=o{y p\z\p p), as|z|^oo (2.4.3) 
holds in C+ — G, where G = [JJ=i B{zj^ Pj) and < a < 2p. 
Remark 2.4.1 Ifj = I - p, p > \, then 

1 a I 1 I i_2+- 

v{z)=o{y '^(log|z|)9|z|'' 9 >), as|z|^oo 
holds in C+ — G. 
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Next, we will generalize Theorem 2.4.1 to subharmonic functions. 

Theorem 2.4.2 Let p and y be as in Theorem 2.4.1. Iff is a measurable function 
in R satisfying (2.4.1) and p is a positive Borel measure satisfying 

and 

Write the subharmonic function 

m(z) = v(z) zeC+, 
where v{z) is the harmonic function defined by (2.1.6), h{z) is defined by 

h{z)= [ G{z,Qdp{Q 
Jc+ 

and G{z,Q is defined by (2.1.1). Then there exists Zj G C+, py > 0, such that 
(2.4.2) holds and 

u{z)^o{y p\z\p^ p), as|z|^oo (2.4.4) 

holds in C+ — G, where G = U7=l ^i^j^ Pj) < a < 2p. 
Remark 2.4.2 //y = 1 - p > 1, then 

u{z) = o{y p i\og\z\)^\z\p " p), as|z|^oo 

holds inC+ — G. 

Remark 2.4.3 Ifa=l,p=l and 7=2, then (2.4.2) holds and (2.4.4) holds in 
C+ — G. This is just the the result ofHayman, therefore, our result (2.4.4) is the 
generalization of Theorem B. 

2. Main Lemmas 

In order to obtain the results, we need these lemmas below: 
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Lemma 2.4.1 The kernel function j^z^i has the following estimates: 

(1) If\Q<\Athenj^<jl,; 

(2) If\Q>2\z\,thenj^<j^. 

Lemma 2.4.2 The Green function G{z, Q has the following estimates: 

(1) |G(z,C)|<Alog^; 

(2) \G{zX)\<^. 

Proof: (1) is obvious; (2) follows by the Mean Value Theorem for Derivatives. 

Lemma 2.4.3 The following estimate holds: 



L 



■r2p-«-i('iog^y dt < J ' " r{p)y^p-^. 

\ t J - {2p-a)P ^^'^ 



3. Proof of Theorems 

Proof of Theorem 2.4.1 

We prove only the case p> \ ; the proof of the case p = 1 is similar. Define 
the measure dm(^) by 

For any e > 0, there exists > 2, such that 




For every Lebesgue measurable set £ C R , the measure m^^^ defined by m*^^) {E) = 
m{Ef\{x e R : |jc| > Re}) satisfies m(^)(R) < write 



vi(z) = 

J 1 


p{z,m^)d^, 


J 1 


^ piz,m^)d^, 

G2 




' p{zx)fm^, 

G3 


V4(Z) =/ 


' p{zX)m)dk, 
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where 



Gi 

G2 
G3 
Ga 



= {^eR:i?e<|^|<^}, 

= {^GR:M<|^|<2|z|}, 



l^l>2|z|}, 
1^1 <^e}- 



Then 

v(z) =Vi(z)+V2(z) + V3(z)+V4(z). (2.4.5) 

and Holder's inequality 



First, if Y > I— p, then + 1 > 0, so that we obtain by (1) of Lemma 2.4.1 



\n{z)\ < f^y-^\m)\d^ 



'Gi 

4 

< - 



smce 



so that 



Z \ P 



|vi(z)| <Aey\z\p^-^ I (2.4.6) 

Let El {X) = {zeC:\z\>2,3t> 0, s.t.m^^\B{z, t) nR) > ?i^(^)2^""}, there- 
fore, if |z| > 2^e and z^E\ (?i), then we have 

V? > 0, m^*^) (5(z, n R) < ^ . 

If Y > 1 — p, then ^ + 1 > 0, so that we obtain by Holder's inequality 



|V2(Z)| < ^ 



n\JG2\z-{m\^P\^ 
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since 

where mj''^(0 = Jj^_(^o)|</^'w^^n^)- 
Hence we have 

|v2(z)| <Aly^'^\z\p^-9~^^^. (2.4.7) 

If Y < 1+p, then - 2)^ + 1 < 0, so that we obtain by (2) of Lemma 2.4. 1 
and Holder's inequality 

iv3(z)i < l^l^,\m)\d^ 

< Aey\z\p^^ ^. (2.4.8) 
Finally, by (1) of Lemma 2.4.1, we obtain 

which implies by y > I— p that 

|v4(z)| <A8y|z|^+i"l (2.4.9) 

Thus, by collecting (2.4.5), (2.4.6), (2.4.7), (2.4.8) and (2.4.9), there exists a 
positive constant A independent of 8, such that if |z| > 2i?e and z^Ei (e), we have 

|v(z)|<Ae3; p\z\p^ p. 

Let /Us be a measure in C defined by jUeiE) = m^^^ (£ flR) for every measurable 
set E in C. Take 8 = Ep = 2F^^P ~ 1' 3, ■ ■ ■ , then there exists a sequence {Rp}: 
1=Rq<Ri<R2<-- such that 
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Take X = 3 -5^^ "•2^^ep(C) in Lemma 2.2.1, then there exists and pj^p, where 
^p-i < \zj,p\ < Rp, such that 

If Rp-i < \z\ < Rp and z^Gp^ Uj^^B{zj,p, pj,p), we have 

\v{z)\<Aepy p\z\p 1 p. 

Thereby 

oo oo / \ 2.p — CC oo j 

p=l j=l \ \^],p\/ p=l ^ 

Set G = Up^jGp, thus Theorem 2.4.1 holds. 

Proof of Theorem 2.4.2 

We prove only the case p > 1 ; the remaining case p — I can be proved simi- 
larly. Define the measure dn{Q by 

For any 8 > 0, there exists /?e > 2, such that 

/" dn{Q < -f—. 
k\>Re 52p-« 

For every Lebesgue measurable set £■ C C, the measure n^^^ defined by n^^^ (E) = 
n{E n e C+ : ICI > ^e}) satisfies n^''\C+) < write 



hi{z) = J 


' G{z,Qdlu{Q, 


h2{z) = j 


^ G(z,QJ/i(Q, 


h3{z) = J 


^ G{z,Qdiu{Q, 

F3 


hA{z) =1 


^ G{z,Qd^i{Q, 
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where 

Fi ={^eC+:i?e<|CI<y}, 

F2 ={CeC+:M<|^|<2|z|}, 

F3 ={CeC+:|C|>2|z|}, 

F4 ={CeC+:|C|<i?e}. 



Then 

= /ii (z) + /i2(z) + {z) + /i4(z)- (2.4. 10) 



(2) of Lemma 2.4.2 and Holder's inequality 



First, if Y > \ — p, then y + 1 > 0, so that we obtain by (1) of Lemma 2.4.1, 



smce 



— +1 



so that 



<Aey|z|^+?~l (2.4.11) 



Let E2{X) = {z e C : |z| > 2,3 ? > 0,5.?.n(^)(5(z,0 n C+) > ^ 
therefore, if |z| > IR^ and z ^ £'2(A.), then we have 

V? > 0, n(^)(fi(z,0 n//) < x^(^)2^-". 
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If Y > l—p, then ^ + 1 > 0, so that we obtain by Holder's inequality 



< A\z\ 



since 



Jf2 r\P - J\z-Q<3\z\ r\P 

= h2i{z) + h22{z), 
so that we have by (1) of Lemma 2.4.2 and Lemma 2.4.3 

h2i{z) < [ (-\ogj\Ydn(-'\Q 

- ,4/;('-?)>(o 

p-a 



|^|2p-a" 

Moreover, we have by (2) of Lemma 2.4.2 
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where nf(r) = 4_^l<,rfn(^)(C). 
Hence we have 

\h2{z)\ <AXy^'f'\z\p^^~^'^p. (2.4.12) 

If Y < l+p, then - 2)<7 + 1 < 0, so that we obtain by (2) of Lemma 2.4.1, 
(2) of Lemma 2.4.2 and Holder's inequality 

< Aejlzl^+i"^ (2.4.13) 
Finally, by (1) of Lemma 2.4.1 and (2) of Lemma 2.4.2, we obtain 

which implies by y > l—p that 

\h4{z)\<Aey\z\p^-^'^. (2.4.14) 

Thus, by collecting (2.4.10), (2.4.11), (2.4.12), (2.4.13) and (2.4.14), there 
exists a positive constant A independent of £, such that if |z| > 27?e and z ^ E2{e), 
we have 

1 a 7 I 1 Old 

\h{z) \ <Aey^ p\z\p^~^ ^p. 
Similarly, if z ^ G, we have 

h{z) = o{y p\z\p p), as|z|^oo. (2.4.15) 

By (2.4.3) and (2.4.15), we obtain that 

u{z) =v{z) + h{z) — o{y p\z\p " p), as|z|^oo 

holds in C+ — G, thus we complete the proof of Theorem 2.4.2. 
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2.5 p > 1 (Modified Kernel) 
1. Introduction and Main Theorems 

In this section, we will consider measurable functions / in R satisfying 

where yis defined as in Theorem 2.5.1. 

In order to describe the asymptotic behaviour of subharmonic functions rep- 
resented by the modified kernel in the upper half plane (see Bill, (SOl, [HH, [|28l . 
Il29l . and [[30ll ). we establish the following theorems. 

Theorem 2.5.1 Let 1 < p < oo^ l^i = i and 

I +mp <y < I + {m+l)p incasep>l; 

m+ I < y < m + 2 in case p = I. 

If f is a measurable function in R satisfying (2.5.1) and v{z) is the harmonic 
function defined by 

v{z)= ! PUz.Wm^, (2.5.2) 

JR 

then there exists Zj G C+, > 0, such that 

i=i 



holds and 



1 — - - + -— 2+- 

v{z)=o{y p\z\p p), as|z|^oo (2.5.4) 
holds in C+ — G, where G = U7=i ^(zj^Pj) and < a < 2p. 
Remark 2.5.1 Ify= 1 +mp, p> 1, then 

1—- - -+-—2+- 

v{z)=o{y '^(log|z|)'?|z|'' 9 ''), as|z|^oo 

holds in C+ — G. 

Next, we will generalize Theorem 2.5.1 to subharmonic functions. 
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Theorem 2.5.2 Let p and y be as in Theorem 2.5.1. If f is a measurable function 
in R satisfying (2.5.1) and n is a positive Borel measure satisfying 

and 

Write the subharmonic function 

u{z) = v{z)+h{z), zeC+, 
where v{z) is the harmonic function defined by (2.5.2), h{z) is defined by 

and Gm{z, Q is defined by (2.3.2). Then there exists Zj G C+, > 0, such that 
(2.5.3) holds and 

1 — — I + 2+- 

u{z) = o{y p\z\p p), as|z|^oo (2.5.5) 

holds in C_(_ — G, where G — UJ=i ^i^jj Pj) ^^^d < a < Ip. 
Remark 2.5.2 Ify=l+mp,p>l, then 

u{z)^o{y p {\og\z\)''\z\p " p), as|z|^oo 

holds in C+ — G. 

Remark 2.5.3 If a = I, p = I, m = and J =2, then (2.5.3) holds and (2.5.5) 
holds in C+ — G. This is just the result of Hayman, therefore, our result (2.5.5) is 
the generalization of Theorem B. 



2. Main Lemmas 

In order to obtain the results, we need these lemmas below: 

Lemma 2.5.1 The modified Poisson kernel Pm{z, ^) has the following estimates: 
(I) If I < 1^1 < |, then \PUzX)\ < 
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(2) //f < 1^1 < 2\z\, then < ^r|o)F' 



0)Ifn>2\z\,then \P^[zX)\<^; 
(4)If\^\<lthen \P^{z,Q\<^ 



Lemma 2.5.2 The modified Green function Gm{z, Q has the following estimates: 

(1) 7/1 < ICI < |, then |G«(z,Q| < 

(2) 7/1 < \Q<2\z\, then |G«(z,Q| < 

(3) 7/|C| > 2\z\, then |G^(z,Q| < 

(4) 7/|C| < 1, ?/ien |G^(z,C)| < ^ < ^; 

(5) 7/|^-z| < |, \G„{z,Q\ <A\ogj^^. 



3. Proof of Theorems 

Proof of Theorem 2.5.1 

We prove only the case p > 1 ; the proof of the case p = 1 is similar. Define 
the measure dm{^) by 

For any e > 0, there exists > 2, such that 



[ dm{Q 



< 



For every Lebesgue measurable set £ C R, the measure m^^^ defined by m^^^ {E) — 
m{E n{x eR:\x\> Re}) satisfies m^^) (R) < write 



VI (z) = / P.(z,^)/(^)J^, 

JGi 

V2{Z) = [ Pm{zX)f{k)d'^. 

JG2 

V3iz) P,nizX)fm^, 

V4{z) = [ PM:m^)d^. 

JGa 
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where 

Gi ={^eR:l<|^|<M}, 

Gi ={^GR:M<|^|<2|z|}, 

G3 ={^eR:|^|>2|z|}, 

G4 ={^eR:|^|<l}. 



Then 

V(z) = VI (z) + V2(Z) + V3(z) + V4(z). (2.5.6) 
First, ifY> 1 +mp, then -m - 1)^+ 1 > 0. Fori?e>2, we have 

if |z| > 2i?e, then we obtain by (1) of Lemma 2.5. 1 and Holder's inequality 



vii 



<Ay^.Hf ^-^"iY'lf 



Since 



so that 



\vn{z)\<Ay\zr-'Ri^ " '^^K (2.5.7) 
Moreover, we have similarly 



1/P 
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which implies by arbitrariness of i?e that 

\vi2{z)\<AEy\z\p^-^-^. (2.5.8) 

Let Ei{X) = {zeC:\z\>2,3 t > 0,s.t. m^^\B (z, t) nR) > X^(^)2p-«}, 
therefore, if |z| > 2R^ and z^Ei (A,), then we have 

2p-a 



yt>0, m^^\B{z,t)nR)<lP 



If Y > 1 + mp, then ( ^ — m — 1 )^ + 1 > 0, so that we obtain by (2) of Lemma 2.5. 1 
and Holder's inequality 



< Ay 



G,|Z-(^,0)|2P|^|T 



smce 



^2k-(^,0)P^|^|^ ^ - Jy t^P ' ^' 



< ^(2T+l)fl + ^W 



where mf\t) = Jj^_(^o)|<f ^'"^^H^)- 
Hence we have 

|v2(z)| <AXy^~~p\z\^^~i~^^~p. (2.5.9) 

If Y < 1 + (m + l)/7, then (| - m - 2)^ + 1 < 0, so that we obtain by (3) of 
Lemma 2.5.1 and Holder's inequality 

1^3(^)1 < j^^.mm 

< Aej|z|p+?~^ (2.5.10) 
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Finally, by (4) of Lemma 2.5.1, we obtain 

\v4{z)\<^J (2.5.11) 
|z| JG4 

Thus, by collecting (2.5.6), (2.5.7), (2.5.8), (2.5.9), (2.5.10) and (2.5.1 1), there 
exists a positive constant A independent of £, such that if |z| > 2i?e and z^Ei (e), 
we have 

|v(z)|<A£3; p\z\p 1 p. 

Let be a measure in C defined by ;C/e(£) =m(^)(£nR) for every measurable 
set £■ in C. Take £ = Ep = jf+i^P = 1)2,3, •• •, then there exists a sequence {Rp}: 
I ^Rq <Ri <R2< ■■■ such that 

Take A, = 3 • 5'^p~^ ■ IP/iiZp (C) in Lemma 2.2. 1, then there exists Zj,p and pj^p, where 
Rp-i < <Rp, such that 

If Rp^i < \z\ <Rpandz^Gp = \J°J^^B{zj^p, pj,p), we have 

\v{z)\<Aepy p\z\p 1 p. 

Thereby 

life 2l^ = i<- 

Set G = ^p=iGp, thus Theorem 2.5.1 holds. 
Proof of Theorem 2.5.2 

We prove only the case p> 1 ; the remaining case p = 1 can be proved simi- 
larly. Define the measure dn{Q by 

For any £ > 0, there exists R^ > 2, such that 
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For every Lebesgue measurable set E dC, the measure n^^^^ defined by n*^^) (E) — 
n{E n (C e C+ : 1^1 > Re}) satisfies n^^\C+) < write 

hi{z) = [ Gm{z,QdM{Q, 
Jfi 

hiiz) = [ G^{z,Qdiu{Q, 

JF2 

hiz) - / G^{z,Qd^{Q, 

h4{z) = [ G,n{z,QdKQ, 

where 

Fi ={CeC+:l<|C|<^}, 

F2 ={CeC+:M<|g<2|z|}, 
F3 ={CeC+:|C|>2|z|}, 
F4 ={CeC+:|C|<l}. 



Then 

h{z) = hi{z)+h2{z)+h3{z)+h4{z). (2.5.12) 
First, if Y> l+mp, then (^ - m - 1)^ + 1 > 0. Fori?e > 2, we have 

hi{z)=[ Gm{z,Qdix{Q+ f G,n{z,QdKQ = hn{z) + hn{z), 

if |z| > 2i?e> then we obtain by (1) of Lemma 2.5.2 and Holder's inequality 



smce 



/ ici«-"-"VMO<A/;^"-'""', 

Jl<K|<i?e 
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so that 

\hn{z)\<Ay\zr-'R\' ' " . (2.5.13) 
Moreover, we have similarly 

which implies by arbitrariness of that 



,7,1 



\hi2{z)\<AEy\z\p^-9~. (2.5.14) 

Let E2{1) = {zeC:\z\>2,3t> 0,s.t. n(^\B{z,t) nC+) > ?i^(^)2^-"}, 
therefore, if |z| > 2i?e and z ^ then we have 

yt>Q>,n^'-\B{z,t)r\C+)<v(^^^^ . 
Ify> 1 +mp, then (^ — m— 1)^+ 1 > 0, so that we obtain by Holder's inequality 



since 



4 np ^ ^ - J\z-Q<3\z\ np 



J\z-q<i v^P Jl<\z-^\<M 

/l2l(z) +^22(z), 
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so that we have by (5) of Lemma 2.5.2 and Lemma 2.4.3 

./;(,„4)>(o 



A ri 



< AXP ^ 



2p-a' 



Moreover, we have by (2) of Lemma 2.5.2 

h22{z) < [ (-\^'dn^'\Q 

/■^l^l 1 (p) 



3« a y |z|2p-«' 



where nf(0 = iiz-C|<r^«^'nQ- 
Hence we have 

\h2{z)\ <A'ky^-p\z\p^l-^^p. (2.5.15) 



If Y < l + {m+l)p, then (^ - m - 2)^ + 1 < 0, so that we obtain by (3) of 
Lemma 2.5.2 and Holder's inequality 

AyT]\z 



< Aey\z\i^~^'^. (2.5.16) 
Finally, by (4) of Lemma 2.5.2, we obtain 

Mz)\<^[ r]d^i{Q. (2.5.17) 

\Z\ J Fa 
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Thus, by collecting (2.5.12), (2.5.13), (2.5.14), (2.5.15), (2.5.16) and (2.5.17), 
there exists a positive constant A independent of e, such that if |z| > 2i?e and 
z ^ £'2(e), we have 

1 a .Yi 1_2j_« 

\h{z)\<Aey p\z\p 1 p. 
Similarly, if z ^ G, we have 

h(z) = o(y^'p\z\p'^^~^'^p), as|z|^oo. (2.5.18) 

By (2.5.4) and (2.5.18), we obtain that 

1 — 2 -+-—2+- 

u{z) ^ v{z) + h{z) = o{y p\z\p 1 p), as|z|^oo 
holds in C+ — G, thus we complete the proof of Theorem 2.5.2. 
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Chapter 3 

Growth Estimates for a Class of 
Subharmonic Functions in the Half 
Space 



3.1 Introduction and Basic Notations 

ForxeR"\{0}aet[[T9ll 



E{x) = -rn\x 



2-n 



where \x\ is the Euclidean norm, r„ = -, — L— and (0„ = ^rh is the surface area of 

I I ^n— Zjco,, i 

the unit sphere in R". We know that E is locally integrable in R". 

The Green function G{x,y) for the upper half space H is given by [[T9l 

G{x,y)=E{x-y)-E{x-f), x,yeH,x^y, (3.1.1) 

where * denotes the reflection in the boundary plane dH just as = (ji , 3^2, • " " 5 yn- 1 , 
then we define the Poisson kernel P{x,y') when x E H and y' E dH by 

dG{x,y) 



P{x,y') 



dyn 



^""^ (3.1.2) 



^,^0 Wnk-(y,0)|«' 

The Dirichlet problem of the upper half space is to find a function u satisfying 

ueC^{H), (3.1.3) 
Au^O.xEH, (3.1.4) 
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lim u{x) = f{x) nontangentially a..e.x G dH, (3.1.5) 

where / is a measurable function of R" ^ . The Poisson integral of the upper half 
space is defined by 

u{x)=P[f]{x)= f P{x,y')f{y')dy', (3.1.6) 

where P{x,y') is defined by (3.1.2). 

As we all know, the Poisson integral P[f] exists if 

V-i i + |y|" 

(see [[ll, [fT4l and OTlD In this chapter, we replace the condition into 

/ iMLrfy<„ (3,7) 

}«'-' (i + i/ir 

where I <p <oo and y is a real number, then we can get the asymptotic behaviour 
of harmonic functions. 

Next, we will generalize these results to subharmonic functions. 



3.2 Preliminary Lemma 

Let ;U be a positive Borel measure in R", P > 0, the maximal function M{d^){x) 
of order (3 is defined by 

MWW= sup >^^, 

then the maximal function M{dfj) (x) : R" [0, oo) is lower semicontinuous, hence 
measurable. To see this, for any X > 0, let D^k) = {jc G R" : M{dfi){x) > A,}. Fix 
X G D^k), then there exists r > such that /u{B{x,r)) > tr^ for some t > k, and 
there exists 5 > satisfying (r + 6)P < ^. If \y-x\ < 5, then B{y,r + b) DB{x,r), 
therefore iu{B{y,r + d)) > tr^ > X(r + 5)P. Thus 5(x,5) C D{1). This proves that 
D{X) is open for each X> 0. 

In order to obtain the results, we need the lemma below: 
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Lemma 3.2.1 Let fj be a positive Borel measure in R", P > 0, /^(R") < °°, for 
any I > 5P^(R"), set 

X 

Em = {xe R" : \x\ > 2,M(d^){x) > —^}, 

\x\P 

then there exists xj E E{X), pj > 0, j = 1, 2, • • •, such that 

oo 

E{X)c[jB{xj,Pj) (3.2.1) 

and 

f_pL<M5!)^ (3 2 2) 

Proof: Let Ek{l) = {xe E{1) : 2^ < < 2^+^}, then for any x G Ek{l), there 
exists r{x) > 0, such that /u{B{x,r{x))) > therefore r{x) < l^^K Since 

Ek^k) can be covered by the union of a family of balls {B{x, r{x)) : x G Ek(k)}, by 
the Vitali Lemma [l37l . there exists A^t C Ek{X), is at most countable, such that 
r{x)) : X G A^} are disjoint and 

£^(X)cU,eA,5(x,5rW), 

so 

E{1) = U^^iEkil) C ur=i U,eA,B{xM^))- 
On the other hand, note that Ux£Aj5(x, r(jc)) C {x : 2^"^ < |x| < 2^+^}, so that 



£ < 5P £ t^E^ < ^,{.: 2-> < W < 2«}. 



Hence we obtain 



Rearrange {x:xe Ak,k= 1,2, ■ ■ ■ } and {5r{x) : x G Ak,k= 1,2, ■ ■ ■ }, we get {xj} 
and {p^} such that (3.2.1) and (3.2.2) hold. 
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3.3 p=l 

1. Introduction and Main Theorems 



In this section, we will consider measurable functions / in R" ^ satisfying (see 

m, m and m) 

i/(y)i 



-jy <oo, (3.3.1) 

where m is a nonnegative integer. This is just (3.1 .7) when p = I and y=n + m. 
It is well known that the Poisson kernel P{x,y') has a series expansion in terms of 
the ultraspherical ( or Gegenbauer ) polynomials C^(0 (k = |)(see flOl and li35l ). 
The latter can be defined by a generating function 

oo 

{l-2tr + r^)-^=l^cl{t)r\ (3.3.2) 



A:=0 



where \r\ < 1, \t\ < 1 and X> 0. The coefficients C^(0 is called the ultraspherical 
( or Gegenbauer ) polynomial of degree k associated with X, the function C^{t) is 
a polynomial of degree k in t. To obtain a solution of Dirichlet problem for the 
boundary date /, as in [|38l . [|39l . PTI and OTI . we use the following modified 
functions defined by 



Ein{x-y) 



E{x — y) when \y\ < 1, 

E{x~y) +I-rJ #a^cf (^) when |,| > 1. 



Then we can define the modified Green function Gm{x,y) and the modified Pois- 
son kernel Pm{x,y') by (see ll20l, JZU, [H, [l2l and ^) 

Gm{x,y) =E,n+i{x-y)-Ein+i{x-y*), x,yeH,xj^y; (3.3.3) 

( P{x,y') when 1/1 < 1, 

Siegel-Talvila [|38l have proved the following result: 



Theorem C Let f be a measurable function in R" ^ satisfying (3.3.1), then the 
harmonic function 

v{x)= [ P^{x,y')f{y')dy' , xeH (3.3.5) 
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satisfies (3.1.3), (3.1.4), (3.1.5) and 

v{x) = o{xl-"\xr+"), as ^ oo, (3.3.6) 

where Pm{x,y') is defined by (3.3.4). 

In order to describe the asymptotic behaviour of subharmonic functions in 
the half space (see (H, Wl, llH, and (301), we establish the following 
theorems. 

Theorem 3.3.1 Let f be a measurable function in R"^^ satisfying (3.3.1), and 
<a<n. Let v{x) be the harmonic function defined by (3.3.5). Then there exists 
Xj G H, Pj > 0, such that 

Er-f^<°° (3-3.7) 

j=l \^j\ 

holds and 

v{x) = o(4-"|jcr+"), as ^ oo (3.3.8) 
holds in H — G, where G = UJ^i ^i^j^Pj)- 

Remark 3.3.1 IfCL = n, then (3.3.7) is a finite sum, the set G is the union of finite 
balls, so (3.3.6) holds in H. This is just the result of Siegel-Talvila, therefore, our 
result (3.3.8) is the generalization of Theorem C. 

Next, we will generalize Theorem 3.3.1 to subharmonic functions. 

Theorem 3.3.2 Let f be a measurable function in R"^ satisfying (3.3.1) and /j 
be a positive Borel measure satisfying 

Write the subharmonic function 

u{x) = v(^x) + h(x) , xEH, 
where v{x) is the harmonic function defined by (3.3.5), h{x) is defined by 

h(x) = / Gm{x,y)d^{y) 
Jh 

and Gm{x,y) is defined by (3.3.3). Then there exists xj G //, Pj > 0, such that 
(3.3.7) holds and 

m(x) =o(4-«|x|'"+«), as\x\^oo 
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holds in H — G, where G = U7=i ^i^j^ Pj) '^"^ < a < 2. 

Next we are concerned with minimal thinness ^ at infinity for v{x) and h{x), 
for a set £■ C // and an open set F C R"^ ^ , we consider the capacity 



C{E;F) =mf[ g{y')dy', 



where the infimum is taken over all nonnegative measurable functions g such that 
g = outside F and 

g{y') 



-dy'>l, foraWxeE. 



/r«-i \x-{y,o)\" 

We say that E C H is minimally thin at infinity if 

oo 

£2--C(£,;i^)<oo, 

!=1 

where Ei = {x e E : 2' < \x\ < 2'+^} and Fi = {x e R"'^ : 2' < < 2''+3}. 

Theorem 3.3.3 Let f be a measurable function in R"^^ satisfying (3.3.1), then 
there exists a set E G H such that E is minimally thin at infinity and 

lim 4^ = 0. 

Similarly, for h{x), we can also conclude the following: 

Corollary 3.3.1 Let jjbe a positive Borel measure satisfying (3.3.9), then there 
exists a set E G H such that E is minimally thin at infinity and 

lim —-^ = 0. 

\x\^oo,x<EH-E X„\x\'" 

Finally we are concerned with rarefiedness L2J at infinity for v{x) and h{x), for 
a set £■ C and an open set F C H,we consider the capacity 



C{E;F) =mf[ g{y)d^i{y), 
Jh 



where the infimum is taken over all nonnegative measurable functions g such that 
g = outside F and 

iH \x-y\ 



[ ^^^l-i My) > 1 , for all X G £. 
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We say that E CH is rarefied at infinity if 

oo 

£2-'("-i)c(£,;i^-)<-, 
1=1 

where Ei is as in Theorem 3.3.3 and Fi = {xEH : 2' < |x| < 2'+^}. 

Theorem 3.3.4 Let ^ be a positive Borel measure satisfying (3.3.9), then there 
exists a set E d H such that E is rarefied at infinity and 

\x\^oo,xeH-E 

Similarly, for v{x), we can also conclude the following: 

Corollary 3.3.2 Let f be a measurable function in R"^^ satisfying (3.3.1), then 
there exists a set E dH such that E is rarefied at infinity and 

lim ^ = 0. 



2. Main Lemmas 

In order to obtain the results, we need the following lemmas: 
Lemma 3.3.1 Gegenbauer polynomials have the following properties: 

(i)|q^OI<chi) = r(§|^, kl<i; 

{2)icl{t) = 2Xcl+l{t), k>\- 

{A)\C'^ {t)-c'^ {t*)\<{n-2)Cl'^,{\)\t-t% \t\<l, \t*\<\. 

Proof: (1) and (2) can be derived from and ^T5\l : ( 3) follows by taking t = 
1 in (3.3.2); (4) follows by (1), (2) and the Mean Value Theorem for Derivatives. 

Lemma 3.3.2 The Green function G(jc, has the following estimates: 

(1) |G(x,y)|<p^; 

(2) |G(x,3')l<^; 
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(3)|g(^,y)i< i,_/"f;-y.|2 - 

Proof: (1) is obvious; (2) follows by the Mean Value Theorem for Derivatives; 
(3) can be derived from jj^. 



3. Proof of Theorems 

Proof of Theorem 3.3.1 

Define the measure dm(y') and the kernel K(x,y') by 

For any £ > 0, there exists Re > 2, such that 

£ 



/ dm{y') 

J\V\>Rp. 



< 



\y'\>R. ~ 5"-« 

For every Lebesgue measurable set E cR"^^ the measure m^^^ defined by m^^^E) 
m{Er\{x' e R"-^ : \x'\ > Re}) satisfies m^^\R"^^) < write 



vi{x)= f P{x,y'){\ + \yr^"^)dm^\y'), 

V2{x) = [ {P„,{x,y')-P{x,y')){\ + |y|"+'")Jm(^)(y), 

V3{x)= [ K{x,y')dm('\y'), 

V4{x) = / K{x,y)dm{y), 

Jl<\y'\<Re 

V5{x) = / K{x,y)dm{y), 
JW\<\ 



then 



\v{x)\ < |vi Wl + |V2W| + IvsWI + |V4W| + |V5W|. (3.3.10) 



LetEx{X) = {xe R" : |x| > 2, 3 ? > 0,s.t.m^^\B{x,t)r]W-'^) > there- 
fore, if \x\ > 2i?e and x^Ei {X), then we have 
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' ^ ^' - A„<|x-(/,o)|<3Ha).|x-(y,0)|« ^-"^ 



ii Jxn I 



4n+m+l / ^ ^ 



where mP{t) = f\j,-^y^o)\<tdm^^\y'). 

By (1) and (3) of Lemma 3.3.1, we obtain 

C m— 1 9 \ \k . 9L/|;j+m 

|V2WI < / l.-^Cl/\l)f±^dm^^){y') 

A„<|x-(>-',0)|<3|x| j^Q (0„ 1/1"+* 
Api+l ra-1 1 1 

Ain+l+a 

< exJxr. (3.3.12) 



By (1) and (3) of Lemma 3.3.1, we see that l \22y 
|V3WI < / t^^M^cf{l)dm^'\y') 

2m+2 



< 



£ °° 1 /2 



(0„ 5"-« 2* 

" k=in 



n+2a+2 

< exJxr. (3.3.13) 

V4(x) = / [p(x,y) + (p,„(x,y)-p(x,y))](i + iyr+-)jm(y) 

Jl<|>''|<i?e 
= V4l(x) +V42(-^), 

< / ^</„.(y) 

(On JKI/Ki^e (M)« 

< ^ (3.3.14) 
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Moreover, by (1) and (3) of Lemma 3.3.1, we obtain 

^ L^C("''(l);c„|^|*J!r'"'(R""') 
In case |y| < 1, note ?/ja? 

/^(x,y)=p«(x,y)(i+iyi"+'«)< 



co„|;c-(y,0)|«' 
so that 

'^^'"Vl<ia)„(|)" ^ ^ 

r/iM5, by collecting (3.3.10), (3.3.11), (3.3.12), (3.3.13), (3.3.14), (3.3.15) and 
(3.3.16), there exists a positive constant A independent ofe, such that if\x\ > IR^ 
and El (e), we have 

\v{x)\ <A8xi-«|jcr+«. 

Let Hz be a measure in W defined by iiz{E) = m(^) {E n W^) for every mea- 
surable set E in R". Take e = £p = i^ppiiP — 1)2, 3, • • •, then there exists a se- 
quence {Rp\: \ = Rq <R\ <R2 < • • ■ such that 



//e,(R")=/'„ dm{y') 



l/l>», 5«-« 

Take ^ = 3 • S'^^^ . l^p^^^ (R") in Lemma 3.2.1, then there exists xj^p and pj^p, where 
Rp-i ^ \^j,p\ < Rp-i ■s'Mc/i that 

^ \ n— a 1 
^hP\ < 1 



;=1 \ ' 2^ 



So ifRp-i < \x\ < Rp andx ^ Gp = U'J^^B{xj^p,Pj^p), we have 

\v{x)\ <A£p4-''|xr+«, 
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thereby 



oo oo 



p=\j=\ \ \^hp\/ p=i 

Set G = U^^jGp, thus Theorem 3.3.1 holds. 
Proof of Theorem 3.3.2 

Define the measure dn{y) and the kernel L{x,y) by 

y^d^ijy) . ^ , .\-r\yT^^ 

My)= i^u,\n+m ^ L{x,y)^G„{x,y)- 



2P 



+ \y\' 

then thefiinction h{x) can be written as 

h{x)= I L{x,y)dn{y). 
Jh 

For any 8 > 0, there exists > 2, such that 

Jy>RE 



yn 



For every Lebesgue measurable set E C R", the measure n^^^ defined by n^^^ {E) 
n{Ef\{y eH:\y\> R^}) satisfies n^^\H) < write 



hi{x 
h2{x 
h'i{x 

/Z4(x 

hs{x 
he{x 



J\x-y\<^ yn 



G{x,y) 
■y\<^\x\ yn 



l^<\x- 

/ {Gm{x,y) - G{x,y)) 

J\x-y\<3\x\ 

[ L{x,y)dn^'\y), 

J\x-y\>3\x\ 

/ L{x,y)dn{y), 
/ L{x,y)dn{y), 



1+ 



\n+m 



yn 



-dn^'Ky). 



then 



h{x) — hi{x) +h2{x) +h^{x) +h4{x) +h5{x) +h6{x). 



(3.3.17) 
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LetE2{X) = {x G R" : |x| > 2, 3 ? > 0,s.t.n^'^\B{x,t) nH)> therefore, 
if\A > 2i?e andx ^ E2{X}, then we have by (1) of Lemma 3.3.2 



1^1 W I < [ 

J X 



r„ 2\y\"+"' 
|x->i<^ \x-y\"-^ ^ 



dn^'-Xy) 



< 4x(3/2)"+'"r„ 



< 4x(3/2)"+"r, 



\x 



n+m c 42- 



Xn Jo t 

1 n-2 

+ 



22-a (2-a)22- 



1— ai ^|OT+a 



where n^^\t) = Jj^_^|<, 

By (2) of Lemma 3.3.2, we have 



\h2{x)\ < 



IXnyn 2\y\''+"' 
<\x-y\<3\x\(£)n\x-y\" yn 



dn^^\y) 



An t" 



+ 



< [ —+— \hci-''\xr+''. 



(On a 



(3.3.18) 



(3.3.19) 



First note C^{t) = 1 140], then we obtain by (1), (3) and (4) of Lemma 3.3.1 



and taking t = j^^, = ('^) of Lemma 3.3.1 



Mx)\ < / _^,.X^!f^2(.-2)cfi(l)SM^J^^^^ 



^-y\<M^i \y\ 

^m+l in J 



\x\\y\ yn 



im+l+a 



< 



(On -3" 

By (1), (3) and (4) of Lemma 3.3.1, we see that 



(3.3.20) 



< / ,,3,, I uPTl2(n-2)cf,(l) 



n/2 ^njn 2|);|"^ 



i 

-Jn(^)(3;) 



2m+2 °° 1 /2 1 



)m— n+2a+2 



C0„ 



(3.3.21) 
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Write 

r 1 _L \y\n+m 

hsix) = / [G{x,y) + {Gm{x,y)-G{x,y))] dn{y) 

= hz\{x) + hs2{x), 



then we obtain by (2) of Lemma 3.3.2 

\h5i(x)\ < / 7"-", ^ dn(y) 

' ^' - Jl<\y\<R,Gin\x-y\'' yn ' 

< — - — Xn I -n — dniy) 

- tO„ il<|y|</?, (M)n 

< ^ —T^- 3.3.22) 

Moreover, by (1), (3) and (4) of Lemma 3.3.1, we obtain 



(On 



< ^""""^""'^>.„|.r-. (3.3.23) 

In case \y\ < 1, by (2) of Lemma 3.3.2, we have 

^Xj^yii 2 4X|7 



I^(^,J)I< 



(iin\x-y\'^yn (ii)„\x-y\"' 



so that 



r/jMs, ^7}; collecting (3.3.17), (3.3.18), (3.3.19), (3.3.20), (3.3.21), (3.3.22), 
(3.3.23) and (3.3.24), there exists a positive constant A independent of Z, such 
that if \x\ > 2i?e and x ^ E2{e), we have 

\h{x)\ <A£xi-«|;cr+«. 

Similarly, ifx ^ G, we have 

h{x) = o(;c^-«|xr+«), as \x\ oo. (3.3.25) 
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By (3.3.8) and (3.3.25), we obtain that 

u(x) = v(x) + hix) = as |x| ^ oo 

holds in H — G, thus we complete the proof of Theorem 3.3.2. 
Proof of Theorem 3.3.3 and 3.3.4 

We prove only Theorem 3.3.4, the proof of Theorem 3.3.3 is similar By (3.3.20), 
(3.3.21), (3.3.22), (3.3.23) and (3.3.24) we have 

lim h,{-)+h4{x)+hs{x)+he{x) 

In view of (3.3.9), we can find a sequence {a,} of positive numbers such that 
lim(^c« ai — oo and 

oo „ 

Consider the sets 

Ei = {xeH: T < \x\ < T+\ \hi{x) +h2{x)\ > aj'^2'"'\x\} 
for i= 1 , 2, • • • . Ifx e Ei, then we obtain by (3) of Lemma 3.3.2 

a7'<2-'^\x\-'\hi{x)+h2{x)\ <A2-'('«+i) / , \_M y)^ 

JFi \x — y\^ ^ 

so that it follows from the definition ofC{Ei;Fi) that 

C{Ei;Fi) <Aai2-^^^+'^ l^yndMiy) < Aa,-2'("-i) ^^^(j). 
Define E — |J^j Ej, then 

oo 

£2-K«-l)C(£,-;i^-)<-- 
i=l 

Clearly, 

lim m±^ = o. (3.3.27) 
Thus, by collecting (3.3.26) and (3.3.27), the proof of Theorem 3.3.4 is completed. 
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3.4 p > 1 (General Kernel) 
1. Introduction and Main Theorems 

In this section, we will consider measurable functions f in R"^^ satisfying 

f I" ^y<^ (34 1) 

A- (1 + 1/1)1' ^ ' 

where y is defined as in Theorem 3.4.1. 

In order to describe the asymptotic behaviour of subharmonic functions in the 
upper half space (see / |2^/ . / [29l/ . and /fiOl/). we establish the following theorems. 

Theorem 3.4.1 Let\<p <oo, 7; + ^ = 1 and 

— {n — l){p — \)<y<{n — \)-\-p incase;?>l; 

< Y < n in case p = 1 . 

If f is a measurable function in R"^^ satisfying (3.4.1) and v{x) is the harmonic 
function defined by (3.1.6), then there exists xj G //, P; > 0, such that 

00 pi 

Ern — ^<°° (3-4.2) 

;=1 I 71 

holds and ^ 

v{x) =o{xl'~'\x\l^^"'^'"^^), as|jcHoo (3.4.3) 

holds in H — G, where G = UJ^i B{xj, pj) and < a < np. 

Remark 3.4.1 If d = n, p = \ and y=n, then (3.4.2) is a finite sum, the set G is 
the union of finite balls, so (3.4.3) holds in H. This is just the case m = of the 
result of Siegel-Talvila. 

Remark 3.4.2 Ify=-{n-\){p-\),p> \, then 

v{x)=o{xn {\og\x\)'i\x\p 'I p), as|x|^oo 
holds in H — G. 

Next, we will generalize Theorem 3.4.1 to subharmonic functions. 
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Theorem 3.4.2 Let p and y be as in Theorem 3.4.1. If f is a measurable function 
in R"~^ satisfying (3.4.1) and /u is a positive Borel measure satisfying 

and 

Write the subharmonic function 

u{x) — v{x) + h{x), x&H, 
where v{x) is the harmonic function defined by (3.1.6), h{x) is defined by 

h{x) = / G{x,y)dn{y) 
Jh 

andG{x,y) is defined by (3.1.1). Then there exists xj EH, Pj>0, such that (3.4.2) 
holds and 

u{x)=o{xn ''\x\p 1 p), as |x| ^ oo 
holds in H — G, where G — \JJ^iB{xj, py) and < a < 2p. 
Remark 3.4.3 Ify= - {n-l){p-l), p> I, then 

u{x)^o{xn ''{\og\x\)i\x\p 1 p), as|jc|— >-oo 
holds in H — G. 



2. Main Lemmas 

In order to obtain the results, we need these lemmas below: 

Lemma 3.4.1 The kernel function p^z^ has the following estimates: 

{\)If\y\<\4,then^„<^„; 

[ ^ 21L 

y\n - \y\n 



(2) If\y\ > 2|x|, then < En- 



Lemma 3.4.2 The Green function G(^x,y) has the following estimates: 
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Proof: (1) is obvious; (2) follows by the Mean Value Theorem for Derivatives. 

3. Proof of Theorems 

Proof of Theorem 3.4. 1 

We prove only the case p > I; the proof of the case p = I is similar Define 
the measure dm{y') by 

For any e > 0, there exists Rz > 2, such that 

r eP 

/ dm{y') < -. 

J\y\>Re ~ 5^«-« 

For every Lebesgue measurable set E C R"~ ^ the measure m^^^ defined by m^^^ {E) = 
m{En{x' e R"-i : l^l >Re}) satisfies m^^\W-^) < ^=^, write 

VI (x) = / P{x,y')f{y')dy' , 

JGi 

V2{x) = / PixJ)fiy')dy', 

JG2 

V3(x) = / P{x,y')f{y')dy', 

JG3 

V4(x) = / p{x,y)f{y)dy', 

where 



Gi 


= {/ e R"-! : 


< I/I < f }, 


G2 


= {y' e R"-i : 


^<iyi<2W}, 


G3 


= {/ e R"-! : 


l/l >2W}, 


Ga 


= {/ e R«-i : 


\y\<Re}- 
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Then 

v(x) = vi(x)+V2W + V3W+V4(;c). (3.4.4) 

First, ify > —{n — l)(p — l), then ^ + {n — I) > 0, so that we obtain by (1) of 
Lemma 3.4.1 and Holder's inequality 



< 



since 



so that 



[ ly'l'-^dy' 



<co„_i 



1 ^\x\\T^^-' 



|vi(x)| <Aejc„|x|p+V-''. (3.4.5) 

Le?£i(>.) = {xeR«: |x| >2,3? >0,5.?.m(^)(5(x,0nR"-i) >>.^(^)/'"-«}, 
therefore, if\x\ > 2Rz andx^ E\{k), then we have 

/ f \pn-a 

V? > 0, m(^)(5(x,0 nR"-l) < j 

Ify > — (n — 1) (p — 1), then + {n — I) > 0, so that we obtain by Holder's 
inequality 

jG,\x-{y,o)\'-V\'< ) ' 



< AXn\x\P « 



JG,\x-{y,o)\p-\y'\y ^ - A„ tp" ' ^' 



IP 

< 

~ xP"' 
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where mi\t) = J\^_^y ^Q^^^^dm^^Xy'). 
Hence we have 

|v2(x)| <AXjci~^Wp+'^~"+p. (3-4.6) 

Ify< {n — I) + p, then — n)q + (n — 1) < 0, so that we obtain by (2) of 
Lemma 3.4.1 and Holder's inequality 



< Aexnlxlp^""' (3.4.7) 

Finally, by (1) of Lemma 3.4.1, we obtain 

2«+i 



which implies byy> —{n—l){p—l) that 

\v4{x)\<Aexn\x\p'^'^~". (3.4.8) 



Thus, by collecting (3.4.4), (3.4.5), (3.4.6), (3.4.7) and (3.4.8), there exists a 
positive constant A independent ofe, such that if\x\ > 2Rz and x^E\ (e), we have 

|v(jc)| <A£Xn ''|jCp + ~ "^'P. 

Let Hz be a measure in R" defined by He{E) ^ m^^^ {E n R"- ^ ) for every mea- 
surable set E in R". Take e = = Jp+iiP — 1^2,3, •• •, then there exists a se- 
quence {Rp}: I = Rq < Ri < i?2 < • • • such that 



^ (R")= [ dm(y')<-^. 
^ "^ ' J\v\>R„ ' 5^"-« 



'1/1 

Take A, = 3 • 5^"~" • 2^//ep(R") in Lemma 3.2.1, then there exists xj^p and pj^p, 
where Rp-i < \xj^p\ < Rp, such that 

. \ pn-a , 
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IfRp-i ^ l-^l < Rp cindx ^ Gp = Uj^^B^Xj^pj pj,p), we have 

|v(x)| <AZpXn ''\x\P^ 1 . 



Thereby 

(X> oo / - \ pn—O, OO 1 

p=l y=l p=l 

Set G = Up^^Gp, thus Theorem 3.4.1 holds. 
Proof of Theorem 3.4.2 

We prove only the case p > I; the remaining case p = I can be proved simi- 
larly. Define the measure dn{y) by 

For any £ > 0, there exists > 2, such that 



[ dn{y) 



< 



'\y\>Re 5^«-« 

For every Lebesgue measurable set E C R", the measure n^^^ defined by n^^^ (E) = 
n{E n {j e // : IjI > i?e}) satisfies n^^^ {H) < write 



hi{x) = / G{x,y)d/j{y), 
hiix) = / G{x,y)dij{y), 

JF2 

h^{x) = / G{x,y)diu{y), 
h4{x) = / G{x,y)diu{y), 

JFa 



where 



Fi ={ye//:i?e<bl< y}, 

Fi ={3;e//:^<|3;|<2|x|}, 

^3 ={yeH:\y\>2\x\}, 

Fa ={yeH:\y\<R^}. 
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Then 

h{x)^hi{x)+h2{x)+h3{x) + h4{x). (3.4.9) 

First, ify > — (n— l)(/7— 1), then y + (n — 1 ) > 0, so that we obtain by (1) of 
Lemma 3.4.1, (2) of Lemma 3.4.2 and Holder's inequality 



< 



since 



so that 



|/ii(x)| <A£;c„|x|^+V-''. (3.4.10) 

Let E2{X) = {xe R" : > 2,3 ? > 0,s.t.n^^\B{x,t) HH) > ?i^(^)^""''}, 
therefore, if\x\ > 2Re andx ^ £'2 (A,), we /lave 



V?>0, n(^)(5(x,0n//)<X^(^^^ 



pn—a 



yq 

1/? 

|j|/^J^(y)) 

IF2 



Ify > —{n—l){p— 1), then y + (n — 1) > 0, so ?/ia? we obtain by Holder's 



Mx)\ < ( / ^T^^Mj)) ( / |3^I^^Mj) 
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since 



JF2 Jn J\x-y\<3\x\ y'n 



J\x-y\<f yk J^<\x-y\<3\x\ yn 

h2l{x)+h22{x), 



SO that we have by (1) of Lemma 3.4.2 



h2x{x) < f ( X dn^^\y) 

~ J\x-y\<^-f \xn\x-y\--^) 



7r \P 1 / ^ 



Xn ) Jo tPi"-^) 



(2p-a)22P"« \x\np-a- 



Moreover, we have by (2) of Lemma 3.4.2 




where nr{t) = J^^_y^^fdn(-^\y). 
Hence we have 

\h2{x)\ <Ahcl~^\x\-p+'f~"+p. (3.4.11) 

Ify< {n — I) + p, then (^ — n)q + (n — 1) < 0, so that we obtain by (2) of 
Lemma 3.4.1, (2) of Lemma 3.4.2 and Holder's inequality 
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jFt, vi„ \y\ 



< A8JC„|;c|^+V-«. (3.4.12) 



Finally, by (1) of Lemma 3.4.1 and (2) of Lemma 3.4.2, we obtain 

\hA{x)\< f —T^^^^My)<^z—rh[ yndn{y), 

which implies byy> — (n — 1 ) — 1 ) that 

\h4{x)\<AEXn\x\p'^'^~". (3.4.13) 

Thus, by collecting (3.4.9), (3.4.10), (3.4.11), (3.4.12) and (3.4.13), there ex- 
ists a positive constant A independent ofe, such that if\x\ > IR^ and x ^ £'2(2). 
we have 

\h{x)\ <Aexn 
Similarly, ifx ^ G, we have 

h{x) = o(xI"^|x|^+V-''+f ), as |x| ^ 00. (3.4.14) 
By (3.4.3) and (3.4.14), we obtain that 

u{x) =v{x) +h{x) = o{xn ''\x\p~^~9 "''^p), as|x|^oo 
holds in H — G, thus we complete the proof of Theorem 3.4.2. 
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3.5 the Estimates for the Modified Poisson Kernel 
and Green Function 

1. Introduction and Main Theorems 

Recall that the modified Poisson kernel Pm{x,y) and the modified Green function 
Gmi^^y) (s^^ / B^/ . / f^TI/ . /I5]/, l[23\l and 071/) are defined respectively by 

j P{x,y) when\y\<\, 

Pm{x,y)-< , I 2x„|x|^ (^»/2|^x.(y,0)\ ^^^^^ 1^1 > ^ 

and 

Gm{x,y) = E,„+i{x - y) - Em+i{x - y*), x.yEH, x^y, 

where 

{E{x — y) when \y\ < 1, 

E{x-y)+LT-i^C^{^) when\y\>l. 

In our discussions, the estimates for the modified Poisson kernel Pmix^y') and 
the modified Green function Gm{x,y) are fundamental, therefore, we establish the 
following theorems. 

Theorem 3.5.1 Suppose \y\ > 1, then we have the estimates: 



\Pm{x,y')\< 



Aj^s""+''-\ whens'yl, 
Aj^s"^, whens'<l, 



where s' = ytt. 

I/I 

Theorem 3.5.2 Suppose \y\ > 1, then we have the estimates: 



\Gm{x,y) \ < 



A x„y„ \xr ( |x| _i 

\x-y\"~^ ly^+i V|y2 -t- y 

4 Xnyn \X\ / 1 I 

«-2 |v|m+n-2 V ' 



- |x-y|«-2 |y| 



+ whens<\, 
+ whens>l, 



where s — —. 

y 
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2. Main Lemma 

In order to obtain the results, we need the lemma below: 
Lemma 3.5.1 Suppose \y'\ > 1, set = ]y| '^'^d t' = j^^. then 

P^{x,y') = P{x,y')[md\t')lj^Us',t') - (n + m- l)C;/_VOi"^(^',0], 
where 

lj;:\s',t') = r {l-2t% + ^^)"/^-^^"'d^, s' > 0, \t'\ < 1. 
^0 



3. Proof of Theorems 

Proof of Theorem 3.5. 1 
Suppose \y'\ > 1, since 



l!n\s',t') = [\\-lt% + ^^Y'^-'^'^d^ 

Jo 

As"^+\ whens'<\, 
A5"«+"-i, whens'>\, 



< 



we can obtain by Lemma 3.5.1 

\PUx,y')\ < P(x,y)[m|C/^(0l|/i"2i(^',0l + (n + m- l)|C;/_VOl|/i"H^',0 
< P{x,y')[mA\li:l,{s',t')\ + (n + m - 1)A|/W(5',0|]. 

When s' > 1, 



when 5' < 1, 



\P'nix,y')\<A^/-^^-^- 



\Pmix,y')\<^j^J"'- 



Thus 

I A^^VF^""+""^ whens'>l, 

^I^ZTp'^ , whens'<\. 
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Proof of Theorem 3.5.2 

Suppose \y\> \, by Lemma 3.5.1, we obtain 

P„,{x,y)^P{x,y)[mCt{t)ll::U^,t)-{n + m-\)C'^^^^^^ 



where s = y, t 
Thus 



WW 



Similarly, we can obtain 

Err,{x-f)^E{x-f)[mc"f{tyi;;:f\s\t*)-{n+m-3)C;;^,^^^^^^ 
so that 



{n-2). 



Gm{x,y) 



n-2 



{m+l)[E{x-y)Cj^,it)lL" ^\s,t) 



n-2 



-E{x-f)cZiityt'\s*,n] 



n-2 



-{n + m-2)[E{x- y)C,n^ {t)!^;;^^ (s^t) 

-E{x-f)cT{tyi:;^\s\t*)] 

(m+l)\f-r]-{n + m-2)[g-g*], 



(3.5.1) 



where 



f-f 



n-2 



+E{x-y)CZ,{t)lt^\s\f)-E{x-y)CZ,{tyt^ 



n-2 



(n-2). 



1+1 

n-2 



+E{x-y)C;;^,{tyt'\s*,t*)-E{x-f)CZi{tyt'^^ 



(3.5.2) 



= h+h + h- 
For the first term, we have 
h = E{x-y)C;^,{t)[lL"-'\s,t)-lt'\s,t*)] 

= £(^-y)c5'i(0[j^V-2^^ + ^')'^-^r^^-y^V-2^*^ + ^')'^-^r^^ 
-2{n - 4)x„yn 



n-2 



'-E{x-y)cj,,{t)i!::-,'\s,to), 
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where t* <to < t, thus 



A , Jd!t-L whens<l, 



' \x-y\"-^ \y\ 

for the second term, we have 



n—2 n—2 



l2=Eix-y)lt'\s\t*)[CZi{t) -CZiin] 



by (4) of Lemma 3.3.1, we have 
1 1 



^ Ap^a_^, whens>U 



for the third term, we have 



11-2 



h^Cj^i{tyt'\s\n[E{x-y)-E{x-f)], 
thus 

f A^^^%Kr, whens< 1, 
< <^ " (3.5.5) 

[a^L_, w/zm,>i. 

5o we /zave by (3.5.2), (3.5.3), (3.5.4) and (3.5.5) 

\f-f\ 

< |/l| + |/2| + |/3| 



< 



A x„y„ |xr / \x\ , _L 



_v|n-2 |v|m+n-3 + 



Similarly, 



+ whens<l, 
+ whens>l. 



(3.5.6) 



- );)C^' {s,t)-E{x- y)cf (Oi+f ^*) 

+£(x-y)cj'(0/i!;'\/,?*)-^(x-y)C?(?*)/i;f (/,0 

+E{x-y)cf{ty]:;l\s\t*)-E{x-f)cf{ty^:;l\s\t*) 

J1+J2 + J3, (3.5.7) 
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and we have the similar estimates: 

.\m+2 



. A . whens<l, 

\Ji\<{ e::-4 , (3.5.8) 

A \,-yf-2 \y\.+n-2 , whens>\- 

' whens>\; 



\h\<{ ^'rfi^p r ' ('■5-"'> 

^ b-y|» \y\m+n-2 1 Wtien S > L. 



-y\" \y\ 

So we have by (3.5.7), (3.5.8), (3.5.9) and (3.5.10) 



I * I 



A^^(^ + f + ^), whens<l 



< ) \x-y\"-^\y\'"+^\\y\ 

^ N I im+«-4 



>2l^^' " ' (3.5.11) 



Hence we finally obtain by (3.5.1), (3.5.6) and (3.5.11) 

\Gm{x,y)\ 

< {m+l)\f-r\ + {n + m-2)\g-g*\ 



4^^(l + g + J^), w/..n.>l. 



3.6 p > 1 (Modified Kernel) 
1. Introduction and Main Theorems 

In this section, we will consider measurable functions f in R"~^ satisfying 

l/(y')l" 



(1 + 1/1)^ 

where y is defined as in Theorem 3.6.1. 



dy'< 00, (3.6.1) 
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In order to describe the asymptotic behaviour of subharmonic functions rep- 
resented by the modified kernel in the upper half space (see / f2^/ . / l29l/ and /|3Q|/). 
we establish the following theorems. 

Theorem 3.6.1 Let l<p<oo, - + ^ = 1 and 

in — I) +mp < y < (n — I) + {m + l)p in case p > I; 

m-\-n — l<y<m-\-n in case p = I. 

If f is a measurable function in R"^^ satisfying (3.6.1) and v{x) is the harmonic 
function defined by 

v{x)=[ P,n{x,y')f{y')dy', xEH, (3.6.2) 
then there exists xj EH, py > 0, such that 

oo pPn-a 

Ern — a<°° (3-6.3) 



holds and 



v{x)=o{xn "l^l^^"^ "^^), as|jcHoo (3.6.4) 



holds in H — G, where G = UJ^i B{xj, pj) and < a < np. 

Remark 3.6.1 If d = n, p = \ and j = n + m, then (3.6.3) is a finite sum, the 
set G is the union of finite balls, so (3.6.4) holds in H. This is just the result of 
Siegel-Talvila, therefore, our result (3.6.4) is the generalization of Theorem C. 

Remark 3.6.2 Ify = (n — 1) + mp, p> I, then 

v{x)=o{xn ''{log\x\)i\x\p 1 p), as|jc|^oo 
holds in H — G. 

Next, we will generalize Theorem 3.6.1 to subharmonic functions. 

Theorem 3.6.2 Let p and y be as in Theorem 3.6.1. Iff is a measurable function 
in R"^^ satisfying (3.6.1) and /j is a positive Borel measure satisfying 
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and 

Write the subharmonic function 

u{x) = v{x) + h{x) ^ x&H, 
where v{x) is the harmonic function defined by (3.6.2), h{x) is defined by 

h{x) = / Gm{x,y)dfi{y) 

JH 

and Gm{x,y) is defined by (3.3.3). Then there exists xj e H, pj > 0, such that 
(3.6.3) holds and 

u{x) = o{xn ^ Ixl^"*""? as |x| — > oo 

holds in H — G, where G = \JJ^iB{xj, py) and < a < 2p. 
Remark 3.6.3 Ify= (n — l) +mp, p> I, then 

u{x)=o{xn ''{log\x\)i\x\p 1 p), as|j:|^oo 
holds in H — G. 

2. Main Lemmas 

In order to obtain the results, we need these lemmas below: 

Lemma 3.6.1 The modified Poisson kernel Pm{x,y') has the following estimates: 

(1) 7/1 < \y\ < |, then \PUx,y)\ < pl^; 

(2) 7/1 < 1/1 <2|;c|, then \Pm{x,y)\ < ^zf^/ 

(3) 7/1/1 > 2\x\, then |P«(x,/)| < 

(4) If\y'\<l,then\P^{x,y')\<^. 

Lemma 3.6.2 The modified Green function Gm{x,y) has the following estimates: 

(I) If I < \y\ < |, then \G„ix,y)\ < ^yjr' ; 



(2) 7/M < |3;| < 2\x\, then |G„(x, j)| < 



\y\" 
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(3) If\y\ > 2\x\, then \G„,{x,y)\ < 

(4) If\y\ < \, then \G„,{x,y)\ < < ^ 

(5) If\x-y\ < then \G,n{x,y)\ < j^A^ri- 



3. Proof of Theorems 

Proof of Theorem 3.6. 1 

We prove only the case p > I; the proof of the case p = I is similar Define 
the measure dm{y') by 

For any 8 > 0, there exists > 2, such that 



[ dm{y') 



< 



For every Lebesgue measurable set E C R"^ ^ the measure m^^^ defined by m^^^ {E) 
m{En{x' e R"-i : |jc'| > Re}) satisfies m^^^R"'^) < write 



vx{x) = / Pm{x,y')f{y')dy', 

JGi 

V2{x) = ! Pm{x,y')f{y')dy', 

JG2 

vsW = / Pm{x,y')fiy')dy', 
V4W = / P,rt{x,y')f{yW, 

JGa 



where 



Gi 


= {/ e R«-i : 


: 1 < I/I < 


G2 


= {y' e R"-i : 


:Y<I/I<2W}, 


G3 


= {/ e R"-! : 


:|/|>2|x|}, 


Ga 


= {/ e R«-i : 


: I/I < !}• 
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Then 

v{x) = Vi(^) +V2(x) + V3(x) +V4(x). (3.6.5) 



First, ify> {n— \)-\-mp, then {■^—m — n+ l)q+ {n—l) > 0. ForR^ > 2, we 



have 



VI (x) = / P„ix,y')fiy')dy'+ [ Pm{x,y')f{y')dy' = vn (x) +vi2(x), 

Jl<\y'\<Re JRz<\y'\<f 
if \x\ > 2i?e, then we obtain by (1) of Lemma 3.6.1 and Holder's inequality 

r Ay lrl™^l 



r Ar r'"^^ 

V-/i<iyi<^e 1/1^ J \Ji<\y\<Rz J 



SlfXCC 

Jl<\y'\<Re 

so that 

|vii(x)| <Ax„|xr-ii?e^"'"""^'^^'^. (3.6.6) 
Moreover, we have similarly 

V-/i?e<iyi<^ y 

which implies by arbitrariness ofR^ that 

|vi2(jc)| <A8x„|jc|^+'^"". (3.6.7) 

LetEiQi) = {x e R« : |x| > 2,3 ? > 0,s.t. m(^)(5(x,0nR«-i) > >.^(^)^"~"}, 
therefore, if \x\ > IR^ and x^E\ (A,), we have 



V?>0, m(^)(B(x,OnR«-i)<X^(^^^ 



pn—a 
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1 

•p 

of Lemma 3.6.1 and Holder's inequality 



Ify > (n — 1) +mp, then {^—m — n+ l)q+ (n — 1) > 0, so that we obtain by (2) 



< AXn 



AXfi 

G2|x-(y,o)|/'"|y| 



Since 

\m\' 



G2\x-{yM'"'\y\ 

< 



where mf {t) = jj^_(y^o)|<j Jm(^)(y). 
Hence we have 



\v2{x)\<A'kx\ (3.6.8) 



7/'Y< (n— 1) + (m+ l)p, then — m — n)q + (n— 1) < 0, 50 that we obtain 



1 
p 

by (3) of Lemma 3.6.1 and Holder's inequality 

|v,wi < /^^i/(/)|dy 

< AEXnljcl^+V"". (3.6.9) 
Finally, by (4) of Lemma 3.6.1, we obtain 

lv4(x)i<^/ i/(y)|rfy. (3.6.10) 

m"- JG4 

Thus, by collecting (3.6.5), (3.6.6), (3.6.7), (3.6.8), (3.6.9) and (3.6.10), there 
exists a positive constant A independent ofe, such that if \x\ > IRz and x^Ei (e), 
we have 

1 — - y I n-l „i a 
|v(jc)| <AZXn "1^1^^^ ^• 
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Let Hz be a measure in R" defined by i^z{E) = m^^\E (IW^^) for every mea- 
surable set E in R". Take 8 = 8p = 2P+21P — 1)2,3, •• •, then there exists a se- 
quence {Rp}: I = Rq < Ri < R2 < ■ ■ ■ such that 



^ (R«) = f dm{y') < 



Take A, = 3 • 5^"~" • 2^jUep(R") in Lemma 3.2.1, then there exists xj^p and pj^p, 
where Rp-i < \xj^p\ < Rp, such that 

j=i \\-^j,p\/ ^ 

lfRp-\ < l-^l < Rp andx ^Gp — Uj^^B^Xj^p, pj,p), we have 

\v{x) \ <A8pxi~^|x|^+V-"+f . 

Thereby 

p=\j=\ \ \^J,p\J p=i ^ 

Set G = U^^jGp, thus Theorem 3.6.1 holds. 
Proof of Theorem 3.6.2 

We prove only the case p > I; the remaining case p = I can be proved simi- 
larly. Define the measure dn{y) by 

For any 8 > 0, there exists R^ > 2, such that 



f 

J\y\ 



dn{y) < 



'\y\>Re S/"*-" 
For every Lebesgue measurable set E C R", the measure n^^^ defined by n^^^ (E) = 
n{E n{yeH:\y\> Re}) satisfies n^^^ (H) < write 

hi{x) = / Gm{x,y)dij{y), 
Jfi 

h2{x) = / Gm{x,y)diu{y), 

JF2 

h3{x) = / Gm{x,y)dn{y), 
h^ix) = / Gm{x,y)d/u{y), 

JFa 
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where 

Fi ={ye^:l<M<^}, 

Fi ={yeH:^-^<\y\<2\x\}, 

F3 ^{yeH:\y\>2\x\}, 

F4 ={yeH:\y\<l}. 



Then 

h{x) = hi{x) +h2{x) +h3{x)+h4{x). (3.6.11) 

First, ify> {n— 1) +mp, then —m — n+ V)q+ (n— 1) > 0. ForR^ > 2, we 
have 

hi{x) = / Gm{x,y)dii{y) + / Gm{x,y)dii{y) = hn{x) +hi2{x), 

Jl<\y\<Re JRe<\y\<f 

if\x\ > 2i?e, then we obtain by (1) of Lemma 3.6.2 and Holder's inequality 

.\m—\ 



\Ji<\y\<Rz \yV J \Ji<\y\<Rz 



since 

[ lyfl-'^-^+'^'^dMiy) <^^a--«+i)^+(-i), 

Jl<\y\<Re 

SO that 

\hn{x)\ <Ax„\xr-^Ri'~"'~''^^^^"~^. (3.6.12) 
Moreover, we have similarly 

\hn{x)\ < Axr^lxr'd ,,S-yMy)Y'(f ,, Jy|('-"'-"+^^^^//(y) 

\JRe<\y\<^4 \yr ) \JRz<\y\<4: 
\jR,<\y\<\4 \y[i J 
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which implies by arbitrariness of Re that 

\hi2{x)\<A£JCn\x\p^'^~''. (3.6.13) 

Let E2{X) = {xeR" ■.\x\>2,3t > 0,s.t. n^^\B{x,t)r\H) > XP(^)^"""}, 
therefore, if \x\ > IR^ and x ^ Eii}^), then we have 



yt > 0, n^^\B{x,t) nH)< ^^(^-^^ 



pn—a 



Ify> {n—l)+ mp, then — m — n + l)q + {n — I) > 0, so that we obtain by 
Holder's inequality 



F2 yn J 



since 



Jf2 Yn J\x-y\<i\x\ fn 

J\x-y\<^ yit 

^ f \Gm{x,y)\P 



J^<\x-y\<3\x\ Yn 



h2i{x) + h22ix), 



so that we have by (5) of Lemma 3.6.2 



A\P 1 



XnJ Jo 



dn^\t) 
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Moreover, we have by (2) of Lemma 3.6.2 

where nf\t) = Jj^_y|<;C/n(^)(};). 
Hence we have 

\h2{x)\ <A>jcJ~^|x|p+'^~"+^. (3.6.14) 



Ify < (n — 1) + (m+ l)p, then (^ — m^ n)q + (n — 1) < 0, 50 that we obtain 
by (3) of Lemma 3.6.2 and Holder's inequality 



< Aexnlxfp^''^^". (3.6.15) 



\h4ix)\<^f yndfiiy). (3.6.16) 
\xr Jfa 



Finally, by (4) of Lemma 3.6.2, we obtain 

Thus, by collecting (3.6.11), (3.6.12), (3.6.13), (3.6.14), (3.6.15) and (3.6.16), 
there exists a positive constant A independent of e, such that if \x\ > IR^ and 
X ^ £'2(6), we have 

Similarly, ifx ^ G, we have 

h{x) = o{x\~'^\x\l^'^~*'^~p), as|x|^oo. (3.6.17) 
By (3.6.4) and (3.6.17), we obtain that 

u{x) = v{x) + h{x) = o{xn ''\x\p 1 p), as |jc| — > 00 
holds in H — G, thus we complete the proof of Theorem 3.6.2. 
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Chapter 4 

a Generalization of Harmonic 
Major ants 

4.1 a Generalization of Harmonic Major ants in the 
Upper Half Plane 

1. Introduction and Main Theorem 



The Poisson kernel for the half plane C+ = {z = x + iy EC: y>Q} is the function 



where z G C+ and ? G R. 

If p > is an integer, we define a modified Cauchy kernel of order p for z G 



then we define a modified Poisson kernel of order p for the upper half plane by 



C+-{t}by 




Pp{zj) = 3Cp{zj). 



Flett and Kuran IB4\l proved the following theorem: 
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Theorem D Let G{z) be nonnegative and subharmonic in €+. Then G{z) has a 
harmonic majorant in C+ if and only if 

G{x + iy) 



su r —^^^^dx 



Remark 4.1.1 If G(z) has a harmonic majorant in C+, then there exists a har- 
monic function 

{t-xY + y^ 

where c > and n is a nonnegative Borel measure on (—0°, 0°) such that 

dn{t) 



< 00, 

and 



r mf) 
J-^i+t^ 

G{z)<H{z). 



In this section, We will generalize Theorem D partly to the modified kernel. 
Theorem 4.1.1 Let 

H{z)=^[Qp{z) + l: [ Cp{z,t)diu{t)], z = x + iy,y>0, 

7t J —00 

where 

p 

Qpiz) = Y.^kz'', ai^eR, k = 0,l,2,--- ,p 

k=0 

and n is a nonnegative Borel measure on (—0°, °°) such that 

^ dn{t) < 00. 



l + \t\P+^ 
IfG{z) is subharmonic in C+ and 

G{z)<H{z), 

then 

G{x + iy) 



n G[x + iy) 
sup / j^dx < 00. 

y>0-/— [x2+(3;+l)2] — 



Remark 4.1.2 If p = \, this is just the result of Flett and Kuran, therefore, our 
result is partly the generalization of Theorem D. 



90 



4.1. a Generalization of Harmonic Majorants in the Upper Half Plane 

2. Main lemmas 

In order to obtain the result, we need these lemmas below: 
Lemma 4.1.1 For any \t\ > I, the following equality 



\t-z\^tP+^ 



(4.1.1) 



holds 



Proof: For \t\ > 1, since 



1 ^ zP+' 



{t-z)tP+'^' 



then 



{t-z)tP+^ 



zP^\t-z) 
\t-z\^tP+^ 



.tzP+^-\z\hP 
' \t-z\^tP+^ ' 



This proves the equality (4.1.1). 

Lemma 4.1.2 There exists A> 0, such that the inequality 

^{tzP+' - |z|V) <Ay{t^+y^){j^ + y^)'2^ 



holds in the following conditions: 

(1) p — 2m— l,m = 1,2, •• • ; 

(2) p = 2m, m = 1,2, • • • ,x > 0; 

(3) p = 2m, m = 1,2, • • • ,x < 0, |f| > 
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3. Proof of Theorem 



First from G{z) < H{z), we obtain 



f 

J — c 

<- f 

J — c 



G{x + iy) 

[x2 + (3;+l)2]4i 



dx 



I poo Y r°° 

+-/ -— —^dx 3Cpiz,t)dMit) 

^ J -°° [x^ + {y + J-"^ 

h+h. (4.1.2) 



For the first term, we have 



- f 

J —I 



n+l "-^ 

[x2 + (3;+l)2]V 



x2 + ();+l)2] 

[x2+(3;+l)2]^ 



-dx 



J — o 

r°° 1 

< Ay — dx 

[x2 + (3; + l)2]^+l 

< Ati^—<Ati; (4.1.3) 

y+l~ 



for the second term, we will discuss in the following conditions: 
(1) p = 2m — l,m=l,2, 
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I r°° 1 
h = - / ^Cp{z,t)d/j{t) -T^dx 

1 f'=° f'=° y 1 

x2+(y+l)2 — 



TlJ-ooJ\t\<l \t—Z\ 



= /11+/12. (4.1.4) 

Note that 

y_ r 1 y+1 _ 2^+1 

7iy-oo(r-;c)2+3;2;c2 + (3;+l)2'^''" ^2 + (23;+l)2' ^ 

- J\t\<lJ+T^nJ-^ (^_;c)2+3;2;,2+(3;+i)2^^]^^(0 

^ 'Lt^&^'^ 

Moreover, 



- %J-^J\t\>i [{t-x)2+y^]\t\P+^ [;,2 + (3;+i)2]^ 
_ My n r (?^+/) 

7t y_||>l[(^_^)2+3;2][^2+(^+l)2]|^|p+lWJ«^^ 

" ^J\t\>iJTinJ-o. {t-xy+y2x^ + {y+l)^'^''W+' 
again by (4.1.5), we have 

J\t\>iy + lt^ + {2y+lf \t\P+^ ' 

J\t\>ll + t P+^ A'W ' V y 



r|>ll + k|^+l 
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(2) p = 2m, m = 1 , 2, • • • . 

= // +// +// 

^ J{{x,t):x>0} J J {{x,t): x<0,\t\>-x} J J {{x,t): x<0,\t\<-x} 
= J21+J22 + J23- (4.1.8) 

Similarly, we can obtain in the same method as (1) thatJ2\ < °° andJ22 < °°- 
Write 

J23 = - [ [ ZCp{z,t)dix{t) 

nj JUxf):X<QM<-x\ ^^ro, . , ,^o^£±l 



dx 



{{x,t):x<Q,\t\<-^} [x'^+iy+lf]'^ 

= // +// 

J J{{x,t):x<Q,\t\<-x]r\{{x,t):\t\<\] J J {{x,t):x<Q,\t\<-x]r\{{x,t):\t\>\] 

= K1+K2, (4.1.9) 

again, we can obtain in the same method as (I) that Ki < 00. 
In the following, we will show that 

K2<oo. (4.1.10) 

Write D = {{x,t) : x<0,\t\< -x}f]{{x,t) : \t\ > 1}, then 

K2 = - [ [ ZCp{z,t)dn{t) ^- —^dx 



1 f f r?LiV(-l)'+'c2'-/x(^+l)-(2'-l)3;2-l 



[x^+{y+iy 

-,2i-l 

nj JdX [{t-xY+y'^]\t\P+^ 

(^^+/)Ltl(-l)'+'C2'-l^P-(2-l)3;2'--l ^ 1 



d/u{t)dx 



< 



[{t-x)^+y^]\t\P+^ j [;,2 + (3;+i)2]i^ 

1 r /•L£^^^tiW^+y'~' + (^+y')ltiC^^^^ 
nj Jd 



[x2+(3;+l)2]^ 



^[(r-x)2+3;2]|rri^^^^^^"- 
Note that 



[x2+(>;+l)2]^ 



94 



4.2. a Generalization of Harmonic Majorants in the Upper Half Space 



then we have 
Note that 

%J-oo{t-x)^ + y^ 

then we have 

So the result follows by collecting (4.1.2), (4.1.3), (4.1.4), (4.1.6), (4.1.7), (4.1.8), 
(4.1.9) and (4.1.10). 

4.2 a Generalization of Harmonic Majorants in the 
Upper Half Space 

1. Introduction and Main Theorem 



The Poisson kernel for the half space H is the function 

Ix 



co„|^-y|«' 



where x & H, y G dH and (0„ = is the area of the unit sphere in R". 
In this section, We will generalize Theorem D to the upper half space. 

Theorem 4.2.1 Let 

H{x) = cx„+ P{x,y')dfj{y'), 
where c > and n is a nonnegative Borel measure on R"~^ such that 

/R«-.(i + |y|2)./2W)<- 
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IfG{x) is nonnegative and subharmonic in H. Then 

G{x) < H{x) 

if and only if 

[ ^dx' < CO. (4.2.1) 



Xfi 



Remark 4.2.1 If n = 2, this is just the result of Flett and Kuran, therefore, our 
result is the generalization of Theorem D. 



2. Main Lemmas 



In order to obtain the result, we need these lemmas below: 

Lemma 4.2.1 Let H{x) be nonnegative and harmonic in H and have a continuous 
extension to H. Then 



H{x) = CXn + — f 
C0„ jRi 



H{y') 



-1 [\y'-x'\2+xiyi 



wdy', 



where c is given by 



c = lim . 

Xn^'=° Xn 



(4.2.2) 



Lemma 4.2.2 Let 



then we have 



fx, \ 

X2 



Proof: 
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Dj% — 1 1-^1 E 2^ ,^^1 



— — '2x\X2 • • • — 2xix^ 



therefore, 



|x|2d„_i-2;c2|x|2(«-i), 



Dn = 



xpD„_i-2;^|x|2(«-i) 

x\\\x\^Dn-2 - 2x^1 kP''-^)] - 2x2|xP«-i) 

xpx2D„_2-2(;^_l+;^)|xp(«-l) 



- 24) - 2(;ci + ■ ■ ■ +jc2)|jc|2("-i) 
x|2«-2(4+4 + ---+;c2)|;c|2(«-i) 



xP"-2UP« = -|;cP«. 



Lemma 4.2.3 Letx= (xi,X2, • • • = wherex! e R" ^ andxn e R. 

5 = (0,0, • • • ,0, -1) = (0, -1), w/jere e R"-i. Suppose 

u = ^(x) = 2{x-S)* + S, 



where x* = -rri, then we have 



where J^{x) is given by 



J^{x) 



y|2+(;c„+l)2]«' 



3(xi,X2,--- ,X„) 
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Proof: Since 



^{x) = 2{x-S)* + S 
2(/,x„ + l) 



(2y,2(;cn + 1)) + (0, -kf - (;cn + 1)^) 

|y|2 + (x„ + l)2 



(2/,l- 














+ 1)2 



(4.2.3) 



then we have 



Let 



by (4. 2. 3), we obtain 



(2y,i-K|2-^) 



|X'|2+(X„+1)2 
4y2+(l-|y|2-x2)2 

[|y|2+(x„ + l)2]2 
y4 + 2x^2(i ^^2^ ^ (1 +;C„)2(1 -Xn)2 

[|y|2 + (;c„+l)2]2 
k'|2+(l-^„)2 



|;c'|2 + (l+;c„)2' 



U= (mi,M2,--- )"n)) 



|x'P+(x„+l)^' 
2(x„+l) 



1,2,. 



1, wheni = n, 
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for i = 1,2, - ■ ■ ,n — I, we have 

|y|2+(;c„+l)2-2x? 



dui 

dXn 

dxi 
dx„ 



-4-XiXj 



[|y|2+(x„ + l)2]2 

-4xi{Xn+l) 
[M2+(X„ + 1)2]2' 
-4(x„+l)x; 



1,2,. 



,n — 1 



= 2 



[|x'|2+(x„+l)2]2' 

|x'|2 + (;c„+l)2-2(;c„ + l)2 



[|x'|2+(x„+l)2]2 



So we get 

J(^{x) = 









dxi 


dx„_l 


dXn 


dun 


dun 


dun 






dXn 



T 



[|y|2+(x„ + l)2]2« 



2" 

[|x'P+(x„+l)^]«- 



1^1 2^j^ 



2x^jci 



-2a:iX2 

—LXfiXl 



3. Proof of Theorem 



-2xiXfi 



We first prove necessity. 

First applying Lemma 4.2.1 with H(x) = 1, by (4.2.1), we have c = 0, so we 
obtain 

O x ., r 1 

(4.2.4) 



1 = ^/ .dy'. 

For a > 0, consider thefiinction 

~\~ CI 



H{x) 



]x'\^ + {x„ + af]^' 
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it is clear that H{x) is nonnegative and harmonic in H, then applying Lemma 
4.2.1 with 

^ ' [\x'\^+(xn + a)^]r 

by (4.2.2) and 

we have c — Q, so we obtain by 



[|yp + a2]2 



that 

~\~ a 



^- . = ^1 ^ . "-^dy'. (4.2.5) 

In these two formulas (4.2.4) and (4.2.5), we interchange the roles ofx' andy' and 
choose a — Xri+l, then we get 

1 = ^ /■ L dx', (4.2.6) 

din h"-'[\x'-yf+xl]i ^ ' 

and 



2x„+l 2Xn f 1 x„ + l 



_^ 2x^ /• 1 

12 to„ 7r«-i [ly-yi^ 



/|2 + (2x„+l)2]i tO„ jRn-i [|y_y|2+^2]i [|y|2+(^^+i)2]i 

(4.2.7) 

by (4.2.6), we can also get 

1 = ^(^f I dx' 

= y^dx'. (4.2.8) 

Thus from 

G{x)<cxn+ [ Pix,y')diu{y'), 
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we obtain by (4.2.7) and (4.2.8) 



r 

yR"-i 



G{x) 



[|x'|2+(x„+l)2]2 



dx' 



< f ^dx' 



-1 [\xf+{Xn + mr 

H / :^ — :r-ndx' / -z-frdLiiy') 

«„ V-i [|y|2 + (x„ + l)2]2 iR«-i [|y_;c'|2+;c2]2 "^^^ ' 

cOifiXfi 



2(Xn+l) 

^Xn + 1 Ln-l Ln-l [|x'-y|2+x2]2 [|x'|2+(x„ + l)2]i'^'' "^^^^ ^ 
CddnXji '^Xfi -\- \ f 1 1 / l\ 



2{Xn+l) Xn + l Jw-^ [|y|2+(2;c„+l)2]2 

- 2 V-i fl + |v'|2li "^^^^ 



Hence (4.2.1) holds. 



In the other direction, assume that (4.2.1) holds. We show that G{x) has a 
harmonic majorant in H, or what is the same thing, G(4>~^(a)) has a harmonic 
majorant in B„. It is sufficient to show that 



g{r) ^ r'^-' [ G{^-\rQ)da{^) 
Js 



remains bounded as r] 1. By Lemma Ai, it is the same thing to show that 



Jo 1-A.«r« - Jo X-XH*" 



for all A, e (0, 1) and some positive constant. Calculate as follows: 
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Jo l-l"r" 

Jo Js 1-X«r" 

1 r Gi^-\u)) 
Jb„ 1-A.«|m|" 



nV{B) 
I 



nV{B) ,/r+ l-;i«|<J)(jc)|« 
G(x) 



|7$(^) \dx 



nV{B) Jr^ 



2" 



1-X« 



|yp+(l-^„)2 
|x'P+(x„+l)^ 



2" 



];c'|2 + (x„ + l)2]« 
1 



[|y|2 + 1)2] f [|y|2+ l)2]f _ {X2[|y|2+ (;c„ - l)2]}f 



< 



nV{B) 



_ 

Jo iJRn-l \\X' 



G{x) 



1 



(x„ + l)«-X"|;c„-l|« 



dXi 



by (4.2.1), we have 



f' sir) 
Jo l-l»r" 



dr 



< A 

< A 



1 



{Xn+lY-X^\Xn-\\^ 



{Xn + \) 



n-2 



dXn 



dXn 



= -A 



(;c„+l)«-X«|;c„-l|« 
aT ^ ^ dx 

Jo l-ln\^\n{xn + l)^ " 

I . 1 

7-1 i-A.«|?|« 



/■I 1 
~ 70 i-x«?" 



r/ie change of variables is made with the substitution t — ^qp}- So the result 
follows. 
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Chapter 5 

Properties of Limit for Poisson 
Integral 

5.1 Properties of Limit for Poisson Integral in the 
Upper Half Plane 

1. Introduction and Main Theorem 



The Poisson kernel for the upper half plane C+ — {z = x-\-iy & y>Q) is the 
function 



where z E C+ and ? G R. 

If p >0 is an integer, we define a modified Cauchy kernel of order p for z € 



then we define a modified Poisson kernel of order pfor the upper half plane by 



C+ - {t} by 




Ppiz,t) = ^Cp{z,t). 



For any \t\ > 1, the following equality 



^Cp{z,t) 



tRP+hm{p + l)Q - RP+^ 



(5.1.1) 
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holds, where z = 

Marvin Rosenblum and James Rovnyak proved the following theorem: 
Theorem E // 

where c is a real number and ^ is a nonnegative Borel measure on (—0°, °°) such 
that 



-00 1 +t^ 



Then for every G (0,7r); 
(1) 



lim -H{Re'^)=csmQ; 

R—KX} R 



(2) 



2 

lim — / H(Re'^) sinGJG = c. 



In this section, We will generalize Theorem E to the modified kernel. 
Theorem 5.1.1 // 



H{z) = 3 



Qp(^) + l I Cp{z,t)d^x{t) 



z = x + iy, y>0 



where 



Qpiz) = Y,'^k^' aytGR, fc = 0,1,2, 

k=0 



and /u is a nonnegative Borel measure on (—0°, °°) such that 

r°° 1 

J-ool + \t\P+^ ' 



Then for every G (0,71) : 
(1) 



1 



sinp0; 



(2) 



2 /■'^ 1 /■ 1 

lim / H(Re'^)smpddd = ap-- —rd^it). 

R^-^nRpJo ^ ^ ^ P nJu\>itP+^ ' 
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Remark 5.1.1 If p = \, this is just the result of Marvin Rosenblum and James 
Rovnyak, therefore, our result is the generalization of Theorem E. 



2. Proof of Theorem 

We first prove the equality (5.1.1). Since 

1 



then 



Cp{z,t) = 



' z' 



t-z 



52 fk+i 

r,_n ' 



fc=0 



{t-z)tP+^ 



{t-z)tP+^' 



zP+\t-z) 



tRP+'^ sm{p +1)0- RP+^ sin pQ 



This proves the equality (5.1.1). 
Since 



H{z) = 3 £a,zM+-/ ZCpiz,t)dij{t) 

= 3 f £ atR'^e'''^] +-\ [ ^Cp{z,t)diu{t) + f 3Cp(^z,t)dij{t) 

p 1 f 1 If z^~^^ 

y a^i?^sinA;e+- / 3 dn{t)^- / 3- ^^d/u(t) 

H T^J\t\<i t-z ^' TiJ\t\>\ {t-z)tP+^ ' 



k=o 

p I 
akR'' sinkQ + 

k=0 



y 



71 J|?|<1 \t-Z\ 



1 r tRP+hm{p+l)Q-RP+^smpe 



T^J\t\>l 



\t-z\hP+^ 
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for every 6 G (0, 71 
H{Re^^) 



W ^l"in(^+l)9-j;smp9] 



1 /• R[tsm{p+l)Q-RsmpQ] 
'\t\>l 

h+h+h, (5.1.2) 



then 



Moreover, 



p 



\\mli — lim ^ Oyt^'^ P sinkQ — UpSmpQ. (5.1.3) 



1 /• sine(l + |/'|P+i) diA{t) 



-I 



<i ^^'-ilr-^e'Qp l + |r|p+i' 



Since 



sin0(l + |?| 









< ? < - < 



by the dominated convergence theorem, we have 



lim/2 = 0. (5.1.4) 

Write 

J _ ^ f R[tsm{p+\)Q-RsmpQ\dn{t) 
= 1 /■ 

Multiplying (5.1.2) by 2%~^ sinpG and integrating with respect to 0, we obtain 
2 



TlRP 



r H(Re'^)smpQdB 
Jo 



2 p 

- / yakR''~Psmkesmpede 

n^Jo J\t\<i \t-z\^RP ' 
2 r Rsmpe[tsm{p + l)e-Rsmpe]diii{t) 
n^Jo J\t\>i tP+^ 

(5.1.5) 
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For the first term, we have 

/( = -YakR'^'P sinA:0sinp0<i0 

^H) JO 
= -YakR^'P r[cos(k-p)e-cos(k + p)e]de 

£ + £ UkR'^'P [co^{k-p)Q-co%{k + p)Q\dQ 

1 r'^ 

-Up / (1 -cos2pe)je 

n Jo 



dp. 



for the second term, we have 
V — 



sin0sinp9(l + / 


i^+i) dixit) 




t-Re^\^ l + 



dQ 



for all e e (0, n) and R>2. 
If\t\<l, then 



sin6sin/)0(l + / 




RP-I 


t-ReiO\2 



< 



< 



< 



2P-\R-\t\)^ 2P-i(i?-l)2 
2 



Since 



22- p_ 



dn{t) 



n^Jo J\t\<i l + \t\P+'^ 
by the dominated convergence theorem, we have 



de<oo, 



for the third term, we have 



I'. 



lim 7^ = 0; 



RsmpQ[tsm{p+l)Q-RsmpQ] d/j{t) 



(5.1.6) 



(5.1.7) 



Tt^^O ^|f|>l 



t-z 



tp+l 



dQ 



n^Jo J\t\>i tP+^ 
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In the following, we will show that 

J'<2p{p + l) (5.1.8) 

for all e (0,7u) and R>2. 
Since 

\t-z\'^ = t^-2Rtcose + R^ = {t-Rcosef+R^ sin^ Q>R^ sin^ 

and 



t-z 



then 



{t - Rf + 2Rt{\ - COS0) = {t- Rf + ARt sin^ | > AR\t\ sin^ |, w/zen t > 0, 
(? + i?)2-2i??(l + cos0) = (? + i?)2-4i??cos2| >4i?|?|cos2f, whent<0, 



I/I < 



< 





sin;?0|(|?sin(;?+l)e| -R\ 


sinj!?0 ) 




\t-z\ 


12 



I? |i?/7(p + 1 ) sin^ + R^p^ sin^ 
\t\Rsir?e + R^sm^e 



< p{p + l) 



2 



kli^sin^e R^sin^B 



< 2p{p+l). 

This proves (5.1.8). 
Since 

2pip+iMde='-Ek±iif ^<., 

7l2 Jo J\t\>l ' tP+i n J\t\>l tP+^ 

by the dominated convergence theorem, we have 

lim = lim 1 r /■ /*frf9. 
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Note that 



/ = Z + sin^pG-sin^pe 



— n — + - — r — rr-^- sin^pe 

msmip+\)%smpQ-R^sm^pQ + it^-2Rtcos% + R^)su^p% . . ^ 
— , ,^ sm^ p0 

\t-z\ 

f^sin^/7e+i?fsin/7e[sin(p+ l)e-2cosesinpe] . 2 



\t-zV 

f^sin^p0-i??sinp0sin(p- 1)0 . , ^ 
^2 ^ sm^pG, 



sin pG 



\t-z\ 



then we obtain 



lim / = - sin^ pG. 



Therefore 



lim/^ = A/7 lim/^^G 



= 4/7 -sin^pG^^G 

71^ 70 J\t\>l 

_ 2 I - coslpQ r d/u{t) 

= --[ (5.1.9) 

r/iM*, (2j /zo/Ji' /?)^ collecting (5.1.5), (5.1.6), (5.1.7) and (5.1.9). 
Similarly, we have 

|psinGy| <2p(p+l), 
2(7^ + 1) 



\J\ < 



sinG 



Sifter 

If 2{p + l)diu{t) _ 2(p+ 1) r d/ujt) 
nj\t\>i sinG tP+^ ~ TtsinG y|;|>i tP+^ 

and 

lim J = — sinpG, 
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by the dominated convergence theorem, we have 

lim73 = l/ limy^ = -^/ (5.1.10) 
So (1) follows by (5.1.2), (5.1.3), (5.1.4) and (5.1.10). 



5.2 Properties of Limit for Poisson Integral in the 
Upper Half Space 

1. Introduction and Main Theorem 

The Poisson kernel for the upper half space H is the function 

Ix 



Pix,y') 



,/|n ' 



n 

where xE H, y E dH and tO„ = is the area of the unit sphere in R". 
In this section. We will generalize Theorem E to the upper half space. 

Theorem 5.2.1 If 

H{x)^cXn+[ P{x,y')d/u{y'), 
where c is a real number and n is a nonnegative Borel measure on R"~^ such that 

f —r-irdu(y') < °°. 

Un-i {l + \yf)i ' 

Then for every Qj E (0, 7l) , 7 = 1 , 2, • • • , n — 1 , 
(1) ^ 

lim — //(a:) = csineisine2---sine„_i; 

(2) 

lim - r r ■■■ r//(x)(sin0isine2---sine„_i)"-ijeiJe2---t/e„_i=2«-i7«-ic, 

R^ooRJq Jq Jq 

where R=\x\ and 

■^^jY^f, when n = 2k, 

when n = 2k+l. 



(2k)\\ 2- 
(2A:+1)!!' 
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Remark 5.2.1 If n = 2, this is just the result of Marvin Rosenblum and James 
Rovnyak, therefore, our result is the generalization of Theorem E. 



2. Proof of Theorem 

Write x! = R^, Xn = R^, by the formula of polar coordinates, we have 

r| = sin0isin02---sin0„_i. (5.2.1) 
For every 6y e (0,7l),7 = 1,2, • • • ,n — 1, 

-H(x) = cr\ + — f — diu(y') 

= CT1 + 



2^ r (1 + 1/1^)"/^ 1 , 

(iinkn-^^ |;c-yi« (i + iypW2 



Multiplying this by T|" ^ and integrating with respect to Qj, we obtain 

1 rTt rTt pit 

- ■■■ H{x)r\"-'deide2---den-i 

R ,/o ,/o Jo 

r-Tl rn r-Tl 

= / / ••• / cri''jeiJ02---rfe„_i 

Jo Jo Jo 

(On Jo Jo Jo V-i |jC-y|« (l + |y|2)n/2 ^^^^ J ^ ^ 

= K1+K2. (5.2.3) 

By (5.2.1), we have 

Ki = c [ [ ■■■ [ (sin0isin02---sin0„_i)"^^0irf02---rf0„-i 
Jo Jo Jo 



= ci I sin"0J0' 



Since 



r sin" 0J0 = 2 sin" QdQ = 2/„, 
Jo Jo 
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we obtain 



Moreover, 



Ki = 2 /„ c. 



(5.2.4) 



(OnJo Jo Jo yR«-i ' (l + |y|2)«/2 W 2 

'in Jo Jo Jo Jr"-^ il + \yr)"'^ 



(0„Jo Jo Jo yR«-i'^^(l + |y|2)^ 

In the following, we will show that 



J2 < 2"/2 

for aliy^QjE (0, tt) , 7 = 1 , 2, ■ ■ ■ , n — 1 , and R>2. 
If\y'\ < 1, then since R>2, 



(5.2.5) 



J2< 



9"/2 



< -. — < 2"/2; 



(R-\y\)n- (R-l)n 



if \y'\ > 1> since 



lx-y|2 = |(xU) - (y,o)p = |x' -y |2 
= iy|2-2y-y+i?2 = |y|2(|^|2+Ti2)-2y./?^+i?2 



1/ I'll' + i\yW - \y' • ^1') + (/ ■^-Ry> \y'\W, 



2 \ |,,/|2^2 



then 



„(i+iyi'r/' 



,/|n 



/|2\ 



T1 



2(l + l3l_ 

/|2 



n/2 



< 



11 



2( 1 + 1/1 

\y\w 



n/2 



\x — y 



r/z/* proves (5.2.5). 
Since 



to„yo io io iR«-i (i + |y|2)«/2 
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by the dominated convergence theorem, we have 

lim K2 = Mm — r r ■■■ r f J2 - — y ^//(yVei ^02 • • • de„- 1 

= lim—/ / •••/ / lim/2T ——^du(y')deide2---dQn-l 

R^oo(0„Jo Jo Jo jRn-iR^oo ^(l + |y|2)n/2 f^VJ' J ^ ^ 

= 0. (5.2.6) 

Thus, (2) holds by collecting (5.2.3), (5.2.4) and (5.2.6). 
Moreover, 

i I I- ../Ik in— 1 



9"/2 



< 



(sin 1 sin 02 • • • sin 0„_ i )"~ ^ 

2"/2 1 



My') 



0)„yR«-i (sin0isine2---sin0„_i)«-i (l + |y|2)n/2 

2_ 2^ r 1 , 

a)„(sin0isin02---sin0„_i)«-iyR«-i (i + |y|2)«/2 W;<°°> 

by the dominated convergence theorem, we have 

i^^^L-/ \l + |yV)"/^ ^^^'^^ 
= —f lim 71- ^— — J^(y)=0. (5.2.7) 

tO„yRn-i/?->oo ^(l + |y|2)n/2 f'^^^ ^ ^ 

So (1) follows by (5.2.2) and (5.2.7). 
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Chapter 6 



a Lower Bound for a Class of 
Harmonic Functions in the Half 
Space 

6.1 Introduction and Main Theorem 

B.Ya.Levin l[26\l has proved the following result: 

Theorem F Let u{z) be a harmonic function in the upper half plane C+ = {z = 
x-\-iy = Re^^,y > 0} with continuous boundary values on the real axis. Suppose 
that 

u{z)<KRP, zGC+,i?= |z| > l,p > 1, 

and 

\u{z)\<K, zgC7,7?= |z| < l,3z>0. 

Then 

1 +RP 

u{z)>-cK^—, zeC+, 
sinG 

where c does not depend on K,R, and the function u{z)- 

Our aim in this chapter is to establish the following main theorem. 

Theorem 6.1.1 Let u{x) be a harmonic function in the upper half space H with 
continuous boundary values on the boundary dH, write |/| = \x\ cos 9, jc„ = \x\ sin0 
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(0 < < 7l/2). Suppose that 

u{x)<KRP^'^\ xeH,R=\x\>l,p{R)>l, 

and 



Then 



u{x)>-K, xeH,R^\x\<l,Xn>0. 



1 + (27?)pW 
u{x) > -cK . ,^_[ , xeH, 



(6.1.1) 
(6.1.2) 
(6.1.3) 



sin""^0 

where c does not depend on K,R, and the function u{x), p{R) is nondecreasing 
in [l,+°o). 

Remark 6.1.1 If n = 2, p(7?) = p, this is just the result of B.Ya.Levin, therefore, 
our result (6.1.3) is the generalization of Theorem F. 



6.2 Main Lemmas 

In order to obtain the result, we need these lemmas below: 

Lemma 6.2.1 Let u{x) be a harmonic function in the upper half space H = {x = 
{^/ ,x„) & W : Xn > 0} with continuous boundary values on the boundary dH, 
R> I. Then we have 



+ 



/ u(x) doix 

J{x€R'>:\x\=R^„>0} ' 

/ u{x) 
JUeR": 1 ■ ■■ - 



'{xeR«: l<\x'\<R,x„=0} 



1 1 \ . , C2 



„ idx' = ci + ■ , 
\x'\" R'^J R" 



where 



= / 

= / 

y{jceR«: \x\=\^n 



>0} 
>0} 



{n-\)XnU{x) ^-Xn 



XyiU{x) Xii 



du{x) 
dn 



du{x) 
dn 

dG{x). 



dc{x), 



Lemma 6.2.2 Let u{x) be a harmonic function in the upper half space H = {x = 
{x' ,Xn) G : x„ > 0} with continuous boundary values on the boundary dH, 
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6.3. Proof of Theorem 



R> I. Then on the closed half ball = BrHH = {x E H : \x\ < R}, we have 

r R^ — \x\^ /I 1 \ 

u(x) = / y- ; u(y)d<s(y) 

J{yeH:\y\=R,y„>0} (UnR \\y-x\'' Ij-^IV^^ 

^2xn r / I R" I 

n 

where x = R^x/\x\^, x* — (x',—Xn), and C0„ = p^^^«^ is the volume of the unit 
n-ball in R". 

Remark 6.2.1 Lemma 6.2.1 is the generalization of the Carleman formula for 
harmonic functions in the upper half plane to the upper half space; Lemma 6.2.2 is 
the generalization of the Nevanlinna formula for harmonic functions in the upper 
half disk to the upper half ball. 



ju{y')dy', 



6.3 Proof of Theorem 

We use Lemma 6.2.1 to the harmonic function u{x), 
I M~ ix) „ dcsix) 

+ [ u-{x')(-^-^]dx' 

J{xeR'':l<\x'\<R,Xn=0} Wx'l" R" J 

= / u'^(x) do(x) 

+ / u+(x')(-^, -]dx' + ci + —, (6.3.1) 

J{x€R'':1<\x'\<Rm=0} KWl" R") 

where u'^{x) = msoi{u{x) ,0} ,u~ (x) = {—u{x))'^ and u{x) = u'^{x) — u~{x). 
The terms on the right-hand of (6.3.1) can be estimated by using (6.1.1): 

f u+(x)^dG(x)<AKRP^''^-\ (6.3.2) 

J{xeR'':\x\=RM>0} ^"+^ 

f u+{x')(-\--—]dx'<AKRP^''yK (6.3.3) 

Thus, for R > 1, we can obtain by (6.3.1), (6.3.2) and (6.3.3) 
f u-(x)^dG{x)<AKRP^''y\ (6.3.4) 

J{xeR'':\x\=R,x„>0} ^ ^^"+1 ^ ^ ^ 

[ u-{x')(-^-—]dx'<AKRP^''y\ (6.3.5) 

J{xeR'':l<W\<R,Xn=0} ^ ^Vl^l" Ry ~ ^ ^ 
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Note that 

J{xeR":l<\x'\<R^„=0} fI" 

< f u-{x')(-^-y\-]dx' 

< AK{2R)P^^y\ (6.3.6) 

We use Lemma 6.2.2 to the harmonic function —u{x), and note that —u{x) < 
u^ (x), we have 



+ 



.( ' 






\y-x*\"J 


1 


R" 1 


iy-x|" 


\x\" ly-xi" 










1 


i?« 1 


|y-x|« 





Aye//: b|=i?,>,„>o} co„i? \\y-x\" ly-J^IV 

tO„ y{yeH: |y|</?,y„=0} Vl 



= h+h. (6.3.7) 
A^ote ?^a? the following estimates: 

1 1 ^ 2nXnyn 



|y-;c|" ly-jc*!" ~ (0„|);-;c|"+2' 
b-xr<4 = krsin"e, xe//,y„ = 0. (6.3.9) 
Pm? = r > 1/2, R = 2r in (6.3.7), then by (6.3.4), (6.3.8)and (6.3.9), we have 

f R^ — ^nXnVn 

h < / , — ^^i-^u-{y)do{y) 

< AKRP^'^^ (6.3.10) 

and 

h < — f -u-{y')dy 

«„ J{yeH:\y\<R,yn=0}K 

= -^-^ I _ u-{y')dy' 
tO„4 ^{ye//:|y|</?,y„=0} 



2 



^ /" _ w~(y)^y+ — TT /" _ ""(y)^y 

V/{ye//: l<|y|</;,)'„=0} tO„4 J{y^H:\y'\<l,yn=0} 

hi+hi. (6.3.11) 
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For the first integral we have by (6.3.6) 

hi < — r / _ I ;|„ dy 

(HnXn ^ J{yeH:l<\y\<R,y„=0} IjT 

sin 

for the second integral we have by (6.1.2) 
IK 



hi < 

CO.. 

1 

sin'^-^e 



— IT f — dy 
i„4 ^{ye//:l<|y|</?,y„=0} 



5); collecting (6.3.7), (6.3.10), (6.3.11), (6.3.12) and (6.3.13), we have for \x\ > 
1/2, 

for \x < 1/2, we can get by (6.1.2) 

-u{x)<K<K^-^^^^f^, (6.3.15) 
so we obtain by (6.3.14) and (6.3.15) 



u{x)>-cK }J , xeH. 
sm" 6 



Remark 6.3.1 By modifying (6.3.6): 

/{xeR": l<\x'\<R,x„=0} \x'\" 



I M r-r; irrn 1^^-^ 

{N+l)"-N" J{,eR":l<W\<R,x„=0} ^Vl^ l" (^^)V 



we can get: 



m(x) > —cK — — j-^- , X E H. 

sin" 
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Remark 6.3.2 A example: suppose u{z) — = e^cosx is a harmonic func- 

tion in the upper half plane C+ with continuous boundary values on the real axis, 
write \x\ = RcosQ,y = i?sin0(O < < n/l). Let K = l,p{R) = , then u{z) 
satisfies 

uiz)<e'^<KRP^'^\ 

Thus 

u{z)>-e''>-cK^^^^^^^^, xeH. 

sin" ^0 
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Chapter 7 

the Carleman Formula of 
Subharmonic Functions in the Half 
Space 



7.1 Introduction and Main Theorem 



B.Ya.Levin l\26y has proved the following result: 

Theorem G (Carleman' s formula) Let f{z) be a meromorphic function in a 
closed sector S = {z'- p < |z| < ^, 3z > 0} whose zeros and poles do not lie 
on the boundary dS. Then we obtain 

= ^ - ^) log 1^^ + ^ £log \f{Re'^)\smi?d<?-Afip,R), 

where an = |a„|e'"", bn = \bn\e'^" are zeros and poles of the function f{z), and the 
remainder term Af{p,R) is expressed by 



psincpJcp. 



The object of this chapter is to generalize the Carleman formula for meromor- 
phic functions in the upper half plane to subharmonic functions in the upper half 
space, we derive the following main theorem. 
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Theorem 7.1.1 Let u{x) be a subharmonic function in the upper half space H 
with continuous boundary values on the boundary dH, for R > r > 0, we have 

/ r^i", doix) 

J{xeR'':\x\=R,x„>0} ^ 'R"^^ ^ ' 

[ u{x')(-^-^)dx'>A^{r,R), 

J{xeR'':r<\x'\<R,Xn=0} VFI ^ J 



+ 



where 



A„(r,/?) = ci(r) + ^ 



is a function depending on r and R and ci(r), C2{r) are functions depending only 
on r, they are denoted by 



ci(r) 



{xeR": \x\=r,xn>0} 



r«+l r« dn 



(ia(x), 



and 



C2{r) = [ 

J{xeR": \x\=r,x„ 



>0} 



Xn , . du{x) 
— U{X) -X„^r 

r dn 



dc{x). 



7.2 Main Lemma 

In order to obtain the result, we need the lemma below: 

Lemma 7.2.1 Suppose that D is an admissible domain with boundary S in R". If 
u,v eC-^ in D, then we have 

f m(x)^^;^ -v(x)^^^ da(x) = [ \v(x)Au(x) -u(x)Av(x)]dx. 
Js I on dn \ Jd 

Here d/dn denotes differentiation along the inward normal into D. 
Remark 7.2.1 Lemma 7.2.1 is just called the second Green's formula. 

7.3 Proof of Theorem 

Apply the second Green's formula to the subharmonic function u{x) and v{x) = 
1^ — ^ m the resulting sphere 

= {jc e R" : ;r < \x\ < R,Xn > 0}, 
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we obtain 



u[x) ^ —^W' 



3n 3n 

The function v{x) is harmonic in H, the equations 

dv{x) nxn 



]dc5{x)= [ v{x)Au{x)dx>0. (7.3.1) 



v(x) = 0, 



dn 

hold on the half sphere {x e R" : |^| = R,Xn > 0}. 
While the equation 

dv{x) Xn ( n — l 1 
dn ~ ~~r \ r" 

holds on the half sphere {x e R" : \x\ = r,Xn > 0}. 
Moreover, the equations 

dv{x) _ J_ \_ 



v(x)=0, 



dn 



hold on {x e R" : r < \x!\ < R,Xn = 0} 
Thus 

.dv(x) , .du{x 



< / \U{X)^ V{x)^r- 

( 
I 

J|xeR": r<y 



+ 
+ 



,>0} 
,>0} 



d<5{x) 



u\x) -v(.y^ 



m(jc) 



dn 

dv{x) 
dn 



v{x) 



dn 
du{x 
dn 



do{x) 



'{xeR": r<|x'|<i?,x„=0} 
= h+h+h- 



For the first term we have by (7.3.2) 

h= u(x) — ';^d<5(x); 

/or second term we have by (7.3.3) 



(7.3.2) 



(7.3.3) 



(7.3.4) 



/. = / 

J{x€R": |x|=r,x„>0} 

C2{r) 



u{x) — 



Xn fn — l 1 



+ 



= -ci(r) 



(7.3.5) 
(7.3.6) 

dG{x) 
[13.1) 
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for the third term we have by (7.3.4) 

h= f u{x)\ -—, —\dx'. 

By collecting (7.3.5), (7.3.6), (7.3.7) and (7.3.8), we have 
/ uU) ^"^"i do(x) 

7{xeR«: r<|x'|</?,x„=0} VfI" B!" J 

This completes the proof of Theorem. 
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Chapter 8 



a Generalization of the Nevanlinna 
Formula for Analytic Functions in 
the Right Half Plane 

8.1 Introduction and Main Theorem 



Recall that C denote the complex plane with points z = x-\'iy, where j G R. The 
boundary and closure of an open QofC are denoted by dQ and Q. respectively. 
The right half plane is the set C+ = {z = x + iy EC : x> 0}, whose boundary is 
3C+. We identify C with R x R and R with R x {0}, with this convention we then 
have 3C+ = R 

Suppose R> \, We write B^{0,R) = {z '. \z\ < > 0} for the open right 
half disk of radius R in C centered at the origin, whose boundary is BB+{0,R) = 



Let p > 1, if the function f{x) is analytic in the open right half plane C+, con- 
tinuous in the closed right half plane C+, and satisfies the following conditions: 



{z: z = it, \t\ <R}[j{z: Re'^, |e| < f }. 




(8.1.1) 



and 




(8.1.2) 



125 



Chapter 8. a Generalization of the Nevanlinna Formula for Analytic Functions 

in the Right Half Plane 



then a number of results have been achieved in j^, /[Z2]/, / fi3l/ . /fi2l/. in this 
chapter, we replace the first condition (8.1.1) into 

and that the function f{x) is continuous in the boundary is not needed, we 
can get the silimar results as l[43\l . 

Theorem 8.1.1 Suppose R' > R>1, F e N^{B+{0,R)), let Ar is the set of zeros 
of F in B^{0,R) and A is the set of zeros of F in C+ (including repetitions for 
multiplicities). If the conditions (8.1.2) and (8.1.3) are satisfied, then 

(1) 

, |log|F(zY + £)|l 

lim / - — — — ^ —dt < oo- 

1 + |f|P+i ' 



(2) 



(3) 



1 r''^/'^ 

Hm — / \\og\F{Re'^)\\cosQdQ = 0; 



<^ oo. 



+ 11 IP+1 



8.2 Proof of Theorem 

Wz G B+{0,R) and z i Ar, write Fe(z) = F{z + £), then (see CT . and CT) 
, , 1 W2 4RxcosQ(R^ - \z\^) , , ,(,,, 

Without loss of generality we may assume that F{\) 7^ 0, then there exists 
£0 > 0, such that for any < £ < Eq, we have F( 1 + £) 7^ and |F( 1 + £) | > ■'^y^. 
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Suppose R> 2, z= 1, by (8.2.1), we have 



log 



1 



2R{R^-1) W2 



+ 



Ti J-TZ 



COS0 



log- \Fe{Re'^)\de 



1 



-71/2 |i?e''e-l|2|i?e-'-e + i|2 

i?2 



; 10, T I log \FMt)\dt 



< 



2R{R^-1) W2 



COS0 



log+ \F^{Re'^)\de 



-Tt/2 \Re'^-l\^\Re-'^ + l\^ 
1 /" / I 7?2 \ 

TiJ\t\<RW + l R^ + t^J ^ ' ^ ^' 



Set 



m^l\R) = 4 log+ \Fe{Re'^)\cosede, 



m 





rK/2 


R. 


'-■k/2 




rn/2 


R. 


l-%/2 



= - / log- \F,{Re'^)\cosedQ, 

R J-Tl/2 

gf (t) = log+ mt) I + log+ \F,{-it) I , 
g^l\t) = log- |Fe(/OI +log- \Fei-it)\. 



Note that when \t\ <R/2, 



1 



i?2 



> 



9 1 



when \t\ <R, 



So we obtain 



i?2 1 

< 



?2+l R4 + t2-t2+r 



8 ie).-^ 9 



2771 



m'y{R) + 



32 fei, , 1 

% % 



/'^/2 1 I r 



127 



log^. (8.2.2) 



Chapter 8. a Generalization of the NevanUnna Formula for Analytic Functions 
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Multiplying (8.2.2) by and integrating with respect to R, we obtain 

/ J dR + — — -^gt'{t)dtdR 
1 2 RP 3271 J 2 RP J I 2?2^ ^ ^ 

, - / \og~ \FMt)\dt ■ [ —dR 



277C 
9 

4 



< — 



32 r^mf{R) 



n J2 RP 
+ 



f|<l 

After some elementary calculations, we get 
8 



2771 y J 



xlog 


mz)\ 






3+3 



X 



32 f fxlog+mz)\ 1J_ r8t\t) 



xlog^ 









11/" 1 

7ip-U|f|<l?2+l ^ I ^1 2P-l(p-l) 



1 



log- 



where D = {{x,y) : +/ > 4,jc > 0}. 

By (8.1.3), there exists a sequence {e„}, e„ — > andM > 0, i'Mc/i ?/iaf 



J —I 



log+|F(/? + e„)| 

1 + Hp+i 



dt <M < 00, 



so 



^ 2r -^;i^,p)| .><2M<-o. 



JVhen e < | |to|, //m/? e < ^, then we have 



xlog+ 






z|P+3 
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where D' =D + £, co G and (O = z + £, so we obtain 



-dt < M, 



[ \\og\F,^{it)\\dt<M, 
J\t\<i 

and 

■ log iFe (it) 1 1 



l + ^P+i 

Therefore, there exists M > 0, such that 



-P/ "°^i'^lt!""' '"S^^<-- (8.2.3) 



)1 ^ — «3 



V5(r) G Co(-o°,+°o), 

by (8.2.3), we obtain that r„ is a bounded linear functional in Co(— o°, +°°) and 

supiir„H.upr i'°«i^<-;+^)|| .,<M. 

Hence, there exists a subsequence of{T„}, such that Ty^^ weakly* converges 
to T, that is to say, 

T{s) = lim Tn,{s), ys{t) G Co(-oo,+oo). 

By Riesz Representation Theorem there exists a Radon measure v such that 

/oo 
s{t)dv. 
-oo 

Jv = i^i^y+i djji, then 

/°° s(t^ 
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Define 



then 



and 



so 



/oo 
s{t) 
-oo 

J — o 



log|FOY + e)| 
l + |?|P+i 

log|F(;Y + e) 
1 + MP+i 



dt. 



dt, 



limllrell <M, 



lim / 



|log|F(?Y + e) 
l + k|P+i 



-dt <M < oo. 



Hence (1) holds; 
Since 



RP+l 



-%/2 



\og%„{R^^)\\cosQdQdR 



D 



|z|P+3 



dm{z) < M, 



we obtain 



TZ/2 

-%/2 



log\F{Re'^)\\cosQdQdR 

■7l/2 
:/2' 



SO 



poo ^ /'^/2 

< Jim / ^ / I log |Fe„ {Re'^) \ \ cos QdQdR < M, 
Jim — / |log|F(i?e'*^)||coseje = 0. 

R-^ooRP 7-71/2 



r/zMs (2 j holds; 

Write X£ = Xn — e, Vz e 5+ (0, R) and z ^ Ar, then 

where X„, are denoted the zeros ofF, F^ respectively. So we have 



log|Fe(z)| 



1 W2 / i?2_|^|2 R^-\z\ 



2nJ-n/2\\Re'^-z\^ \Re-'^+z\^ 



log\Fe{Re'^)\de 



+ 



9tz R^^z 
nJ-R\\it-z\^ \R^ + itz\^ 



\og\FE{it)\dt 



+ E log 
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(8.2.4) 



8.2. Proof of Theorem 



Without loss of generality we may assume that F{1) ^ 0, then there exists 
eo > 0, such that for any Q< 8 < 8o, we haveF{\-\-£) ^Oand + £)| > ^^y^. 
Suppose R> 2, z— 1, by (8.2.4), we have 



+- / ^[\og+\F^{it)\+\og+\Fe{it)\]dt 
n Ji t^ 

+^ /", Y^^og+mit)\dt 



l\t\<l 

+ L log 



1 — Xp + Xf 



Note that 



then we have 



logx<i(^2_i)^ Vxe(0,l), 



log 



< 



R^-le 1+Xe 

'R^-lXe) + {l'e'R^le)\^ 

2\l+Xe\^\R^-X'^\^ 

I {R^ — ^e^e) — (^e ~ ^^^e) | 

2|l+^eP|^2^X;|2 

2(i?2-|Xe|')(7?2-l)9t;ie 
|1+:^^|2|^2_X;|2 



Since 



l<|'^|<^/2 



where 



l<|Xe|<f 
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then we obtain 

rR/2 1 . . 

/ -dN^'\t) 

I A.e I < 1 

71 TlJl t^ 

+ lfn ^log+|Fe(/0M^-81og^. 
%J\t\<lt'^ + l 2 

Multiplying this by ^ and integrating with respect to R, we obtain 

r°° 1 r°° 1 /"^/-^ 1 / \ 

+ (, ;2^iog+iFe(/oM^-iog^ 

^2 RP lnj\t\<it^ + l 2 
By some elementary calculations, we get 



So we have 



^ 2P+7(p-l) r m^:\R) ^^ 

% J2 RP 

2P+3 r- |log|FOY + e)|| ^^ 

-81og^. 



hm > TT— — rr 

2P+7(p-l)_ /-mj^(i?) , 

< ^lim / + ^ U r 

7t z-^oJi RP 

2P+3 p |log|F(jY + £)|l 

7t i^i-oo 1 + |?|P+1 
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Hence „ 

<M<oo. 



Since 

, , , < lim > , , , < M < 

f/iM5 (3) holds. This completes the proof of Theorem. 
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Chapter 9 



Integral Representations of 
Harmonic Functions in the Half 
Plane 

9.1 Introduction and Main Theorem 

Let p(i?) > 1 is nondecreasing in [0,+oo) satisfying 

e„ = Un>sup5:(»<l. (9.1.1) 

For any real number a > 0, we denote by {LU)a the space of all measurable func- 
tions f{x + iy) in the upper half plane C+ which satisfy the following inequality: 

J 1 _|_ ^;j.2_|_^2^ 2 

and {LV)a the set of all measurable functions g{x) in R which satisfy the following 
inequality: 

r rr^^L—^dx < oo. (9.1.3) 

We also denote by {CH)a the set of all continuous functions u{x^-iy) in the closed 
upper half plane C+, harmonic in the open upper half plane C+ with the positive 
partu^{x + iy) = max{u{x + iy),0} G {LU)a andu'^{x) E {LV)a- 
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The Poisson kernel for the upper half plane C+ is the function 

y 



12' 



where z € €+, ? G R. 

If u{z) < is harmonic in the open upper half plane €+, continuous in the 
closed upper half plane €+, then (see / [79l/ . I^36\l and ^) u G {CH)afor each 
a > and there exists a constant c < such that 

/oo 
P{z,t)u{t)dt (9.1.4) 
-oo 

for all z G C+, the integral in (9.1.4) is absolutely convergent. Motivated by this 
result, we willprove thatifu G {CH)a, then u'^{x + iy) G {LU)a,u{x) G {LV)a and 
a similar representation to (9.1.4) for the function u G {CH)a holds by modifying 
the Poisson kernel Pm{z,t). It is well known (see /[75]/, / I79l/ and that the 
Poisson kernel P{z^t) is harmonic in z & C — {t} and has a series expansion: 

this series converges for \z\ < \t\. So if m > is an integer, we define a modified 
Cauchy kernel of order mfor z G C+ by 

, . f when \t\ < 1, , , 

I iF^-iir=o^' when\t\>\, 
then we define a modified Poisson kernel of order mfor the upper half plane 

by 

Pm{z,t)=3Cm{z,t). 

That is to say. 



Pmizj) 



P{z,t), when \t\<l, 

P{z.t)-'-ZrLoW^^ when\t\>l. 



The modified Poisson kernel Pmiz, t) is harmonic in z G C+. 

Up to now, a number of results about integral representations have been achieved 
in ISSI, IMI, M^, IMl, lEl, Sun, M Ml/, EEl, in this chapter, we will es- 
tablish the following theorem. 



136 



9.2. Main Lemma 



Theorem 9.1.1 Ifu G {CH)a (a > 0) , then the following properties hold: 
(1) 

r°° \u(x\\ 

-dx < oo; 



(2) the integral 



l_|_|_;j;|P(W)+«+l 

/oo 
P[p{\t\)+a]Mu{t)dt 
-oo 



is absolutely convergent, it represents a harmonic function mc+ (z) in C+ and can 
be continuously extended to such that mc+ (^) = u{t)for t e R; 
(3) There exists an entire function Qc+{z) which satisfies on the boundary R that 
3 Qc+ W = such that m(z) = 3 Qc. (z) + uq (z) for all z e C+. 



9.2 Main Lemma 

In order to obtain the result, we need the lemma below: 

Lemma 9.2.1 For any ? G R and \z\ > l,y > 0, the following inequalities 



\Cm{z,t)\ < 



, when 1 < |?| < 2\z\, 
when |?| > m 
when \t\ < I 



ny\t\"'+^ 
2U|»i+i 

^^LL_^, when \t\ > max{l,2|z|}, 

j_ 
Try' 



hold. 



Proof: When ? G R, \t\ < 1, we have \t — z\ >y and so 



\Cmiz,t)\ < 

Tly 



when f G R, 1 < 1^1 < 2\z\, we also have \t — z\ >y and so by (9.1.5) 



\Cm{z,t)\ = 



71 



l-(7) 



z\m+l 



t-z 

Z Ira+l 



t-z 

\-\m+l 



< 



% \t-z\ ~ %y\t\'"+'^' 
when \t\ > max{l,2|z|}, we have by (9.1.5) 



\Cm{z,t)\ 



k=m+l 



fk+l 



j OO 

k=m+l 





z 


k 


\t 


k+l 



< 



2 


Z 


m+1 


Tilt 


m+2 



This proves the inequalities. 
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9.3 Proof of Theorem 



Ifu e {CH)a (co 0) , suppose R> I, then by the Carleman formula for harmonic 
functions in the upper half plane, 

1 /■'^ 



where 



1 



ci = 



/ 

Jo 



In 
1 

2% Jo 



on 



sin0je, 



sinGJe. 



Set 



1 /"'^ 

m+(R) = — / u+(Re'^)smede, 
nR Jo 

m- (R) = — / u~ (ren sinG^^e, 
nRJo 

g+{x) = M+(;c) + M+(-;c), 
g- (x) = u~ (x) + u" (-x), 



then 



(9.3.1) 



w/jere M+(z) = max{M(z),0},M (z) = (— {/(z))"*" anJ m(z) = m'^(z) — w (z). 
5mce M e {CH)a, by (9.1.2), we obtain 



4 RP{R)+a 
where D = {z e C+ : |z| > 1} 



nj JD (x2+3;2) 2 



(9.3.2) 
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By (9.1.3), we can also obtain 

< ir ^A^^L dx<oo. (9.3.3) 
Similarly, we have 

So we have by (9.3.1), (9.3.2) and (9.3.3) 



< oo. (9.3.5) 

Va > 0, set 



dR 



- [p(x)+a+l] 
Z?^ the L' hospital's rule and (9.1.1), we have 



X 



1(a) = +00. 

Therefore, there exists £i > 0, such that for any x > 1, 



i: 



1 fl \\ ei 



Multiplying this by g- (x) and integrating with respect to x, we can obtain by 
(9.3.4) and (9.3.5) 
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Thus 

-dx< oo. 



fj _^p(x)+a+l 
by (9.3.3), we have 



, , , , .dx<oo. 
fj _^p(x)+a+l 

Hence (1) holds. 

Va > 0,7? > 1, 3M{R) > 0, such that for any k>kR = [2R] + 1, we have 
50 Va > 0,R > I, if\z\ <R,k>kR= [2R] + 1, then \t\ > 2\z\ and 



k=kR 



|[p(|/|)+a] + l 

^ Lm<.+i |,|[P(klHal.2l"WI^^ 

^p(fc+l)+a+l ^ 2|m(?) 



- ^p(fc+l)+a+l . 2|m(0| 

< V / ^-^^-^ dt 

- kTk^ fc«/2 Jk<\t\<k+i\ + \t\P(\'\)+^/^+^ 

< 2M(R) f ^iff^l^jf. 

5*0 integral is absolutely convergent. 

To verify the boundary behavior of uq^{z), choose a large T > 2, and write 

uc+{z) = / P{z,t)u{t)dt 

J\t\<2T 

-3 y / -^—rU(t)dt 

'^/f|>2r^tP^I'l+"^^^^'^^"^^^'^^ 
= X{z)-Y{z)+Z{z). 

Consider z ^ xq, the first term X{z) approaches u{xq) because it is the Poisson 
integral ofu{t)x^_2T^2T] (0' where X[_2r,2r] '■^ characteristic function of the in- 
terval [— 2r, 2T]; the second term Y[z) is a polynomial times y and tends to 0; and 
the third term Z{z) is 0{y) and therefore also to 0. So the function uc^{z) can be 
continuously extended to C+ such that mc+ (0 = "(O-' consequently, u{z) — mc+ {z) 
is harmonic in C+ and can be continuously extended to C+ with in the bound- 
ary R o/C+. The Schwarz reflection principle (^, p.68 and HT^ . p. 28) applied 
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to u{z) — uc+ {z) shows that there exists an entire function (2c+ {z) which satisfies 
!2c+(z) = Qc+iz), such that 3(2c+(z) = u{z) - mc+(z) for z e C+. Therefore, if 
a > 0, we obtain u{z) = ^ Qc+iz) + uc+{z) for all z e C+ and ZQc+{x) = Ofor 
all X e R. This completes the proof of Theorem. 
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Chapter 10 



Integral Representations of 
Harmonic Functions in the Half 
Space 



10.1 Introduction and Main Theorem 



Let p(i?) > 1 is nondecreasing in [0,+oo) satisfying 

eo = limsup'''<^>y <1. (10.1.1) 

For any real number a> Q, we denote by {LU)a the space of all measurable 
functions f{x) in the upper half space H which satisfy the following inequality: 

Xn\fix)\dx 



L 



<oo; (10.1.2) 



Ih 1 + |jc|P(W)+«+«+i 

and {LV)a the set of all measurable functions g{x!) in R"~^ which satisfy the 
following inequality: 



dH l + |x'|P(l-«'l)+«+a-l 



<oo. (10.1.3) 



We also denote by {CH)a the set of all continuous functions u{x) in the closed 
upper half space H, harmonic in the open upper half space H with the positive 
partu~^{x) — max{u{x),0} G {LU)aCind u^{x') — u~^{x',0) G {LV)a- 
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The Poisson kernel for the upper half space H is the function 

2Xn 



-y'r' 



where (£>„ = is the area of the unit sphere in R". 

If u{x) < is harmonic in the open upper half space H, continuous in the 
closed upper half space H, then (see / fJPl/ . and ^) u G {CH)afor each 
a > and there exists a constant c < such that 

u{x)=cxn+ f P{x,y)u{y)dy (10.1.4) 

for all X eH, the integral in (10.1.4) is absolutely convergent. Motivated by this 
result, we will prove that ifu G {CH)a, then u'^{x) G {LU)a,u{x') G {LV)a and a 
similar representation to (10.1.4) for the function u G {CH)^ holds by modifying 
the Poisson kernel Pm{x,y'). It is well known (see /I75]/, / I79l/ and ^4U\1) that the 
Poisson kernel P{x.,y') is harmonic in jc G R" — {y'} and has a series expansion 
in terms of the ultraspherical ( or Gegenbauer ) polynomials C^{t) {'k= |). The 
latter can be defined in terms of a generating function 

oo 

(l-2?r + r2)-^=£4(0A 

k=0 

where |?"| < 1, |? | < 1 and X > 0. The coefficients C^(0 is called the ultraspherical 
( or Gegenbauer ) polynomial of degree k associated with X, the function C^{t) is 
a polynomial of degree k in t and satisfies the inequality f/[75]/, p. 82 and p. 92) 



|c,(?)i<c,(i)-^^2^^^^^+i)' 1^1 

Therefore, a series expansion of the Poisson kernel P{x,y') in terms of the ultras- 
pherical polynomials C^{t) is 



_ - IxM „/2 / X^ 



this series converges for \x\ < \y\, each term is homogeneous in x of degree k+l. 
Differentiating termwise in x gives 
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Each term ^ ^^^yyi+k ^]!'^ (rm)) homogeneous in x of degree k—\, hence 

by the linear independence of homogenous functions, ^3~|yj!rpiC^^^ (rm) 
monic on for each k>Q. Ifm>Oisan integer, we define a modified Poisson 
kernel of order mfor x & H by 

( P{x,y'), when \y'\<l, 

P,n{xJ) = i y'^^ym-l 2^ n/2 ( ^\ , (10.1.5) 

The modified Poisson kernel Pmipc^y') is harmonic in x E H. 

Up to now, a number of results about integral representations have been achieved 
in mW . ME\l, in this chapter, we will establish the following theorem. 

Theorem 10.1.1 IfuE iCH)a (a > 0) , then the following properties hold: 
(1) 

r \u{x')\ , 
ia// l + |y|p(l-'l)+«+«-i 

(2) the integral 

^[p(iyi)+a](-^,y)w(y)^y 



is absolutely convergent, it represents a harmonic function uh{x) in H and can be 
continuously extended to H such that uniy') = u{y')fory' G dH; 
(3) There exists a harmonic function h{x) which vanishes on the boundary dH 
such that u{x) = h{x) + uh (x) for all x E H. 

10.2 Main Lemma 

In order to obtain the result, we need the lemma below: 

Lemma 10.2.1 For any y' G dH and \x\ > 1,jc„ > 0, the following inequalities 



\Pmix,y')\ < < 







2m+n+ 




co« > 
2 






1 7 



, whenl<\y\<2\xl 

when \y'\ > max{l,2|x|}, 
when lyi < 1 



hold. 
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Proof: When y' G 3//, 1/1 < 1, we have 1^-/1 > \xn\ and so 

\Pm{x,y')\ < ^ 



wheny' e 3^, 1 < 1/1 < 2|x|, we also have \x — y'\ > |x„| and so by (10.1.5) 



\Pm{x,y')\ < 



9„ m~l 9 \ \k 



n\X\ 

(2™+" + m2'"C^/^^ (1) ) 
w/ien 1/1 > max{l,2|jc|}, we have by (10.1.5) 



\Pm{x,y')\ 



k=m 



'^Xfl 1 


X 


k 


o)„|y 


\n+k 



°° V \-r\k 



k=m 



< 



o)„iyi 



n+m 



This proves the inequalities. 

10.3 Proof of Theorem 

Ifu G {CH)a (oc> 0) , suppose R> I, then by the Carleman formula for harmonic 
functions in the upper half space, 



f 

JixeR": 



+ I w(-^')(rTi -^]dx=ci + ^, 

l{xeR'':l<\x'\<R,Xn=0} ^ ^Vkl" 



where 



/ 

/ 



>0} 
>0} 



[n — X)XnU{x) ArXn 



XyiU(x) Xfi 



du{x) 
dn 



du{x) 
dn 

do{x). 



do{x), 
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Set 



then 



J{xeR": \x\=R,x„>0} R"^^ 
J{xeR«: \x\=R,x„>0} R"^^^ 

(R)+ f u-(x')(-\; -\dx' 

^ ' J{x€Vin-A<\x'\<R^n=Q} ^ ^Vl^l" 

m+(R)+ f i^^{x)(Ar-^]dx-ci-^, (10.3.1) 

^ J{x€R'':1<\x'\<Rm=0} ^ ^Vkl" R"' ^ ' 



where u^{x) = vaax{u{x),Qi},u {x) = {—u{x))'^ and u{x) = uf^ {x) — u (x) 
Since u e {CH)a, we obtain by (10.1.2) 



r m+jR) _ r xnu-^jx) 



X„M+(x) 



where D = {x& H : \x\> 1}. 
By (10.1.3), we can also obtain 



.|p(|x|)+n+a+l 



(10.3.2) 



r°° 1 r 

J I RP{R)+a J{xeR": 

f u+ (x') r .1. (r\r- ^]dRdx' 
J\x'\>i ^ V|y|i?pW+« Vl^ l" R"J 



(x) ( I dx'dR 



< 



^+(y) 



dx < oo. 



n + l J\jd\>i |y|p(l^'l)+n+a-l 
Similarly, we have 

r ,i f u- (x') f ^ -\ dx'dR 

So we have by (10.3.1), (10.3.2) and (10.3.3) 



(10.3.3) 



: \<\x!\<R,Xn=Q] 



+ 



1 Rp{R)+CL/2 
Jl i?P(^)+a 



{xeR«: l<\x'\<R,Xn=0} 



U+{x')( -l-- — ]dx' 
^ ^\ be' " ^" / 



dR 



C2 



:/2 \ ' Jin I 



(10.3.5) 



(10.3.4) 
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Va > 0, set 



I (a) = lim 



I^H- |y|-(p(|^|)+«+a-l) 
by the L' hospital's rule and (10.1.1), we have 

/(a) = +00. 

Therefore, there exists ei > 0, such that for any \xf\>l, 

r ^ ( ^ ^ \dR> ^' 

J\x'\ i?PW+«/2 V pTp* ~~^) - |jc'|P(l^'l)+«+«-l' 

Multiplying this by m~(j/) and integrating with respect to y! , we can obtain by 
(10.3.4) and (10.3.5) 



I 



U (j/) 



Vl>i |jc'|P(l^l)+«+«-i' 
< / u^(x') f ,^ I ^ - -^]dRdx' < oo. 

~ J\x'\>l ^ V|y|i?PW+«/2 Vkl" RnJ 



Thus 

u^{x') 



x'|>l |y|p(k'l)+«+a-i 



dji < 



by (10.3.3), we have 



r 

J\x'\>l |y|P(l^' 



u+{x') 



dx! < 



'|p(|x'|)+n+a-l 
Hence (1) holds. 

Va > 0,i? > 1, 3M(i?) > 0, such that for any k>kR^ [2R] + I, we have 

SO Va > Q,R > 1, if\x\ <R,k>kR = [2R] + 1, then \y'\ > 2\x\ and 

(2|;c|)[P(l^'l)+«l+l, , , 



k=kR 



~ ihkR ^"/^ y^<i/i<;t+i i + |y|p(b'i)+«/2+(«-i) y 
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So the integral is absolutely convergent. 

To verify the boundary behavior of uh{x), fix a boundary point a' = {ai,a2, 
a„_i) G R"^^ choose a large T > + 1, and write 



uh{x) = / P{x,y')u{y')dy' 

J\y'\<T 

''|+a)]-l ^ \^\k f. 1 ,^ / ^ \ 

V ^Xn\X\ / 1 n 2 I X -y \ , , 



A:=0 

+ 



X{x)-Y{x)+Z{x). 



Consider x — > a', the first term X (x) approaches u {a') because it is the Poisson 
integral of u{y')XB{T)iy')' where Xb{t) ^he characteristic function of the ball 
B{T) = {y' E R"^^ : ly I < T}; the second term Y{x) is a polynomial times Xn and 
tends to 0; and the third term Z{x)is 0{x„) and therefore also to 0. So the function 
uh{x) can be continuously extended to H such that uniy') = u(y'); consequently, 
u{x) — uh{x) is harmonic in H and can be continuously extended to H with 
in the boundary dH of H. The Schwarz refiection principle p. 68 and /EZl/, 
p. 28) applied to u{x) — Unix) shows that there exists a harmonic function h{x) in 
R" such that h{x*) = —h{x) = —{u{x) — uh{x)) for x G H, where x* = — x„) is 
the refiection ofx in dH. Therefore, z/a > 0, h(x) is a harmonic function which 
vanishes on the boundary dH such that u{x) = h(x) + uh{x) for all x E H. This 
completes the proof of Theorem. 
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